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I. GROUP ACTIONS

[October 8, 2018]

I. Group actions

If G is a group, denote by e € G the neutral element, by g—! the inverse of ¢ € G and by
gh the composition g o h.

Definition. Given a group G and a set X, an action of G on X is a map
GxX — X
(9;) — gz
such that
(A1) e.X = x and
(A2) (gh).x = g.(h.z)
for all z € X and g, h € G. We call then X a G-set.

Definition. Given a set X, define
S(X):={f: X — X | f bijective},

the symmetric group of X (with composition as group multiplication).
Given a G-set X and g € G, let m, € S(X) be defined as 7,(z) = g.z.

Lemma 1.1. For any group G and set X we have a bijective correspondence

{G-actions on X} 2= {Group homomorphisms G — S(X)}

™ = d=(g— (v 7(g,7)=97))
R

((g,2) = »(g)(x))
Proof. Left to the reader. m

Examples. Let G be a group.
1) G acts on itself by

e left multiplication: g.x = gx (left regular action)
e “right multiplication”: g.z = xg~' (right regular action)
e conjugation g.z = grg~!

2) Any set X is a G-set via the trivial action g.x = x.

3) Let X,Y be G-sets. then G acts on Maps(X,Y) :={f: X — Y} via (9.f)(z) =
g-(f(g7t.z)). Special case: the action Y is trivial, then (g.f)(z) = f(g " .z).
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Definition. Let XY be G-sets. A map f: X — Y is called G-equivariant if f(g.x) =
g.f(x) for all g € G and x € X. We write

Homg(X,Y) :={f: X =Y | f is G-equivariant}.
Lemma 1.2. Let G be a group.
1) If X is a G-set then idy € Homg (X, X).

2) If X,Y,Z are G-sets, fi € Homg(X,Y) and f, € Homg(Y, Z) then fyo fi €
Homg(X, Z2).

Proof. Left to the reader. O

Examples. Let G be a group.

1) If G acts on itself by left multiplication then

Homg(G,G) = G (as sets)
f

—
(x — za) =m, <« a.

2) If XY are trivial G-sets then Homg(X,Y) = Maps(X,Y).

Definition. Let X be a G-set. For z € X let G, = {g.« | g € G} be the orbit of x. We
write

G\ X ={G, |z € X}.
Note that G, = G, ift y € G,.

Remark. We can view G \\ X as a G-set via the trivial action. Then can: X —
G\ X,z — G, is G-equivariant.

Definition. Let X be a G-set. Then
XC:={reX|VgelG: gr=ux}
is the set of G-fized points or G-invariants in X.

Lemma 1.3. Let X,Y be G-sets and f € Homg(X,Y). Then, f(X%) C YY.

Proof. Let x € X% For all ¢ € G, we have g.f(z) = f(g9.z) = f(x). Therefore,
f(z) e YC. O

Thus, f induces a map f&: X% — Y& by restriction.

Lemma 1.4. Let G be a group.
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1) If X is a G-set then id§ = idye.

2) If X,Y,Z are G-sets, and f; € Homg(X,Y) and fo € Homg(Y, Z) then (foo f1)¢ =
f o ff.

Proof. Left to the reader. O

Lemma L.5. Let X,Y be G-sets. Then Homg(X,Y) = Maps(X,Y)°.

Proof. f € Homg(X,Y) < Vg € G,z € X : f(gx) = g.f(x) & Vg € G,z € X :

g flgx) = g7 (g.f(x) = f(z) & Vg € Gz € X : gflgtax) = flx) & f €
Maps(X,Y)¢. O

Definition. Let X be a G set and k a field. A map f: X — k is G-invariant if
flg.x) = f(x) for all g € G and z € X.

Example. Let G = Z/2z = {e,s} and k = R. Let G act on R by s.A = —\. Any
polynomial p(t) € R[t] can be viewed as an element in Maps(R, R). Then p(t) = 3 a;t’
is G-invariant iff p(¢) is even (i.e. a; = 0 for odd 7).

Proof. p(t) is G-invariant
& VAeR:p(s.A)=p(N)
& VAeR:p(=\) =p(N)

i

= Z ai)\i

p
VieR: Z(—l)ZaZA
& VAER:2) aMN =0
i odd

& ;=0 for all odd ¢ O

Remark. f: X — kis G-invariant iff f € Maps(X, k)¢ where we have trivial G-action
on k.

Lemma 1.6 (Universal property of invariant maps). Let X be a G-set, k a field (or a
commutative ring with 1). Then f: X — k is G-invariant iff [ factors through can (i.e.
Af: G\ X — k such that f = f ocan).

x5 Lk

A
can R
S Alf

G\ X
Proof. f is G-invariant
& VgelG,xe X: f(gx)= f(x)
& f is constant on orbits
& f exists (namely f(G,) = f(z), obviously unique) O
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Lemma 1.7. Let X be a finite G-set and k a field (or commutative ring with 1). Then:

1) Maps(X, k) is a k-vector space (or k-module) with pointwise addition and scalar
multiplication.

2) A k-basis of Maps(X, k) is given by

1 ifz=
xx;yH{ ¥z =y

0 otherwise

where r € X.

3) Maps(X, k)¢ forms a subspace (or submodule) with basis

Xg:yv—>{1 ifyeg

0 otherwise

where G € G\ X.
Proof.
1) Clear.

2) Generating system: Let f € Maps(X, k). Then f = Y cx f(2)X,, as we have
Yrex [(2)Xa(y) = f(y) for all y € X.

Linear independence: Let >, x a, X, = 0 for some a, € k. Thus, >, cx a. X, (y) =
0 for all y € X, and we have a, = 0 for all y € X.

3) Generating system: Let f € Maps(X, k). Hence, f is constant on orbits, and we
have f = Ygeq\ x agXg with ag = f(x) for z € G.

Linear independence: As in 2). ]

If X is an infinite set we often replace Maps(X, k) by
kX :={f: X — k| supp f is finite}
where supp f = {x € X | f(x) # 0} is the support of f.
Note. We have

supp f1 Usupp fa,
supp f

supp(fi + f2)
supp(Af)

for all fi, fo, f € Maps(X, k) and A € k\ {0}. Thus, kX C Maps(X, k) together with
the O-function is a vector space (usually just call it kX as well).

C
C
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kX is preserved under G-action. Let f € kX, g € G. Then

(9.f)(z) #0

flg™ha) #0

g 'z esupp f
re{gyl|ycsuppf}.

finite

t ¢

Lemma [.7 generalizes to k.X.

Lemma 1.8. Let G be a group and R a ring. Let G act on R by ring homomorphisms
(i.e. if m: R — R is the action then 1, R — R is a ring homomorphism for all g € G)
then RY is a subring of R.

Proof. Let ri,1m5 € RY. To show: 71 + 1y, 7179 € RY. For g € G we have g.(r1 + 13)

Tg(r1 +1r2) = my(r1) + my(r2) = g.11 + g.r2 = 11 + ro. Similarly, g.(r7rs) = ri7a. O

Example. Even polynomials form a subring of R[t].

Definition. If G, H are groups and X a G-set and an H-set then the two actions
commute if

g.(h.x) = h.(g.x)
forallge G, h € H and x € X.

[October 8, 2018]
[October 11, 2018]

II. Representations of groups

Definition. Let G be a group, V a k-vector space and G x V — V an action. This
action is linear if my: V' — V is a linear map for all g € G. Then V is called a G-space
or a representation of G.

Example. If V is a k-vector space then GL(V') acts linearly on V' by g.v = g(v) for all
g € GL(V) and v € V. We call this the standard representation.

Remark. We have a bijection

{linear G-actions on V} <% {group homomorphisms G — GL(V)},

)
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Examples.
1) Let X be a G-set. Then kX is a representation (the reqular representation of kX)

of G via
g(Z axXz> = Z g Xy o

zeX zeX

2) Let V and W be representations of G over K. Then the G-action on Maps(V, W)
induces a G-action on Homy(V,W) ={f: V — W | f k-linear}.

3) Let V and W be representations of G over k. Then V& W and V @ W are
representations of G, called direct sum and tensor product via g.(v,w) = (g.v, g.w)
and ¢.(v ®@ w) = (9.v) ® (g.w) extended linearly.

Definition. Let V be a representation of GG over k.

o A subrepresentation of V is a vector subspace U of V such that g.u € U for all
geGand ueU. Itis proper if 0 £ U # V.

o V is irreducible if V' # 0 and there is no proper subrepresentation.

o V is indecomposable if it cannot be written as a decomposition V = U; & U, such
that U; and U, are proper subrepresentations.

o V is completely reducible it V' = >",c; V; where V; are irreducible subrepresentations

(for some set I).
a b
“=1l0

1
act on V = C? by standard action. Then U = < O>> is a proper subrepresentation

Example. Let

a,b,ceC,a,c#O}

of V', but V is not irreducible. But V' is indecomposable since U is the unique proper

subrepresentation. To see this, assume U’ = <<Zgj>> to be a proper subrepresentation.

Then
I 1\ (z\ _ [x+y /
1) () =(57) =
Yy

O) € U’ and therefore U’ = U. V is also not completely

and as U’ is a subspace, we have <

irreducible.

Definition. Let G be a group and k a field. The group algebra of G over k is the
k-algebra given by the k-vector space

kG ={f: G — k| supp f is finite}
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with multiplication given by convolution of functions

(fi- fo)(z Zfl ) faly™ 1’)

yeG
with unit 1 = X.
Indeed, we have
=>_ fly) Xely™'z) = f(z) and =D Xe(y) fy'w) = f(2)
yed nonzero iff y =« ynonzero iffy=1

for all f € kG. It remains to check associativity and distributivity.

Remark. The group algebra can be defined in the same way over any commutative

ring with 1. We write
Z g9 = Z ag Xy
geG geG
where a, € k and almost all a, = 0.

Lemma I1.1. The algebra structure on kG is given by extending the multiplication on
G bilinearly.

Proof. We have

1 ifh=g '
Xy - ) Xy (y) X ( =X .
( ) yegé Wy ™) = {O otherwise (@)
By definition the convolution product extends this bilinearly. O]

Note. kG is commutative iff G is abelian.

Lemma I1.2. Let G be a group and V' a k-vector space. Then

{linear G-actions on V} &5 {kG-module structures on V},

(GXxV —=V) ((Z agg) NEDY ag(g.v)).

geG geG
Proof. Left to the reader. O

Definition. Let V' and W be representations of G over k. A morphism (of representa-
tions) from V to W si a linear, G-equivariant map f: V' — W. Denote Homg(V, W) :=
{f:V — W morphisms of representations} and Ends (V) := Homg(V, V).

10
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Note. Homg(V, W) is a vector space. Write V' = W if there exists an isomorphism
V—-W.

Lemma I1.3. Let G be a group and k a field. Representations of G over k together with
morphisms of representations form a category Rep,(G).

Proof. See Lemma I1.2. O

Example. For a field k, the k-vector spaces together with k-linear maps form a category
Vecty,.

Corollary I1.4. Let k be a field. The assignments

F: Rep,(G) — Vecty
Vo Ve
f - fG: Ve - w¢
define a functor from Rep,(G) to Vecty, the functor of G-invariants.
Proof. Left to the reader. O

Lemma IL.5. If f: V — W is a morphism of representations of G then ker f and im f
are subrepresentations of V' respectively W'.

Proof. ker f and im f are subspaces since f is linear. Let ¢ € G and x € ker f. Then
flg.x) =g.f(x) = ¢g.0 =0 and g.x € ker f, thus ker f is a subrepresentation.
Let yim f and x € V with f(z) =y. We get g.y = g.(f(z)) = f(g.x)im f. O

Remark. It can be shown that Rep,(G) is an abelian category.

Lemma I1.6 (Schur’s lemma). Let G' be a group and V, W irreducible representations
of G over k.

1) Homg(V,W) =04if V 2 W. If V =2 W, we have Homg(V,W) # 0 and every
non-zero morphism s an isomorphism.

2) If k=k and V and W are finite-dimensional then

koifVeEW

Homa(V, W) = {o ifvV W

as representations.
Proof.

1) Assume V = W and 0 # f € Homg(V, W). This implies ker f # V and im F' # 0.
By Lemma IL.5 it follows ker f = 0 and im f = W, since f is a morphism and V'
and W are irreducible. As f is linear, f is an isomorphism.

11
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2) Assume V = W and 0 # «a,f € Homg(V,W). It is enough to show f = la
for some A\ € k. By 1) a has an inverse a~! (which is again a morphism) and
we have ™' o 8 € Endg(V). If k = k and V is finite-dimensional o' o 3 has
eigenvectors. We define K := ker(a™! o 8 — Aidy) # 0 for some A € k. Now
a™lof —\id, € Endg(V) (the reader may check this statement), thus K is a
subrepresentation of V| hence K =V, since V is irreducible and K # 0. Therefore,
a~tof = M\idy and B = \a. ]

Corollary I1.7. Let k = k and V; (1 < i <r) be pairwise non-isomorphic irreducible
finite-dimensional representations of G over k. Let Wy := V™" .=V, @ ... @V, for some
n; € Zsq (a representation of G). Then

Endg(W1 @ ... & W,) = My, s, (k) B ... & My, s, (k)

as algebras.

Proof. We have

r

Ende(W1 &...@ W,) = Home | PP V.. PPV
i=1j=1  i=1j=1
and by SCHUR’S LEMMA, since V; 2 V;, and Endg(V;) = k, we get
= EndG(Vl@"l) D...D El’ldGa/r@nr)
= My, xn, (B) @ ... & My, o, (k). O

[October 11, 2018]
[October 15, 2018]

Theorem I1.8 (Maschke’s theorem). Let G be a finite group and k a field such that
char k 1 |G| (in particular char k = 0 is allowed). The the finite-dimensional representa-
tions of G over k are completely reducible.

Proof. 1t is enough to show that for any finite-dimensional representation V' of G the
following holds: any subrepresentation U of V' has a complement in W in V' which is again
a subrepresentation; so V' = U @ W as representations. Let U be such a subrepresentation
and choose a vector space complement U’ so V = U @ U’ as vector spaces.

Define now p: V' — U by

. 1 _
p(v) = al > g l.plgv) €U
| ‘gEG \?6—/
—_———
U

Now:

12
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e We have p(u) |G‘Zg p(g.hv) = ‘G|Zg .g.u=u for all u € U.

geG geG

e p is G-equivariant, as for any h € G and v € V

p(hv) = |G’g§g p(g.hw) = mg%h (g~ p(g.h.v))
(|G|g€§gh ) <|G|g%;;9 pgv>—h.ﬁ('z})_

Therefore, V. = imp @ kerp = U @ kerp since p is G-equivariant. W := kerp is a
subrepresentation of V. O

Warning. MASCHKE’S THEOREM does not hold in general if char k | |G|. For example,
take G = Z/2z = {e, s}, k = Fy and V = kG the regular representation. Then (e + s),
is a 1-dimensional subrepresentation, but in fact the unique one. Therefore, it has no
complement. (Note: if char k # 2 then (e + s), is also a 1-dimensional subrepresentation
and a complement of the above one).

III. Invariant polynomial functions

II1.1. Gradings and filtrations
Definition. Let A be a k-algebra. A grading (or Z-grading) on A is a decomposition

A= A

€17

into vector subspaces A; such that A;A; C A, for all 4,5 € Z. We call then A a graded
algebra. The A; (i € Z) are the graded (or homogeneous) components. An element a; € A;
is called homogeneous (of degree 7).

Definition. A grading of a ring R is a decomposition R = @,cz R; into Z-modules
such that R;R; C R;y; for all 4,5 € Z. We call then R a graded ring and the R; the
graded/homogeneous components.

Lemma II1.1. Let k be a field and A a k-algebra with 1.

A= @Ai is a graded algebra. <= A= @Ai is a graded ring and k1 C Aq.

i€z i€z
Proof.

“=" A =@,z A is a decomposition into k-vector spaces; in particular into Z-modules.
We have to show k1 C Aj.

13
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Write 1 = 3,cz e; with e; € A; and almost all e; = 0. Then for any a € A; we have
a=al =Y ,czae;. Asae; € Ajy;, we have a = aey because the sum A = @,z A;
is direct. Similarly we get egpa = a. Thus, ey = a = aeg for all a € A, and we have
1 =¢y € Ap and finally k1 = key C Ay since Ay is a vector space.

“=" We have to show that A; is closed under scalar multiplication for all i € Z. Let
A€ kand i € Z. Then /\AAZ = (Al)AZ Q A()AZ g AO—H' = Az ]
Examples.
1) Let A be any k-algebra. It is a graded algebra via the “stupid grading” A = @, A;
where
A ifi=0,
A= .
0 ifz+#0.

2) Let R = Z or R = k for a field. Then A = R[X;,...,X,] is a graded ring
respectively a graded algebra where A = Y,.; A; is given by

L 0 if 1 <0,

because clearly the monomials X7*--- X% with a; € Z>o (and by convention
X9... X0 = 1) form an R-basis of R[X1, ..., X,] and (X{* - Xo)(XP ... Xbn) =
(Xt Xantbn) 5o that a;a; € Ay, for all basis elements a; € A; and a; € A;
(then also AZAJ Q Ai+j)-

3) Let V be a k-vector space. Consider the vector space

TV)=kaVe(lVeV)e..=ka@PV=FHV,

d>1 d>0
the tensor algebra. We claim that T(V) is an algebra by setting
(v, ®...0V;) (v, ®...QV;,) =v;; ®...QV;, Quj; ®...Qvj,

ev®d cyed cv®d+d)

for any v;,,v;, in a chosen basis {v; | i € [} of V (1 <r <d, 1 <s<d) and
extended linearly to T(V') with

A - v o= M and v A = M.
~— =~ ~—~ ~— =~ ~—
eVveo cyed cved cVved cy®0 cved

We also claim that T(V) = @;c;, T(V); with
Ve if i >0

0 otherwise

T(V), == {

is then a graded algebra.

14
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Definition. Let A be a k-algebra. A filtration of A is a (possibly infinite) sequence
F.(A) of vector subspaces of the form

such that
1) Fi(A)F;(A) C Firj(A) forall 4, j € Z>_, and

2) | Fi(A) = A,

i>—1

An algebra with a filtration is a filtered algebra.

Proposition I11.2. If A is a filtered algebra with filtration Fy(A) then we can consider
the vector space

grA:=(grA); where (grA); =

€L

Fi(A)/F_ia) if i >0,
0 if 1 < 0.

Then gr A becomes a graded algebra by defining the multiplication
(a+ Fir(A))(b+ Fi1(A)) = ab+ Fiyy1(A)

for any a € F;(A) and b € F;(A). It is called the associated graded algebra to the filtered
algebra (A, Fy(A)).

Proof. We have to show that the multiplication is well-defined. Note that we have

Fi1(A)b € Fi1(A)F;(A) C Fiyj1(A),
aFj_1(A) € Fi(A)Fj1(A) € Fiyj1(A),
F1(A)Fj1(A) € Fiyja(A) € Fiyja(A)

Therefore, we have
(a+ Fi1(A)(b+ F;(A)) = (c+ Fia(A))(d + F;(A))

if a+ F_1(A) = ¢+ Fi_1(A) in Fivi/F,; 1a) and b+ Fj(A) = d + F;(A) for all
a,c € Fj(A) and b,d € Fj(A).
Associativity and distributivity follow from the same properties in A. O

Proposition I11.3. Let A = @, A; be a graded algebra such that A; = 0 for i < 0.

Then define
Fi(A) =D A
0<i<y
for all 5 > 0. Then

turns into a filtered algebra.

15
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Proof. Obviously Fj(A) C A are vector subspaces for all j > —1 and (*) is a sequence of
nested vector spaces.

2) Any a € A can be written as a = 7%, a; with a; € A; where almost all a; = 0.
There exists j > 0 such that a € F;(A) and we have

Ac U F(4)

j=-1
1) Let A € F.(A) and b € Fs(A). We can write a = Y./ ; a; and b = Y7, b; for some
a;,b; € A;. Thus we get
r+s

ab € Z a;b; E@Al Fris(

0<i<r =

0<5<s Aity O

Remark. At this point Professor Stroppel seems not to have numbered this proposition
in her notes. Therefore, the next Lemma will have the same number.

Examples.

1) Let R=Z or R =k a field. Consider A = R[X4,...,X,]. This is a filtered algebra

by setting
=1 R

2) Let R = k[t] for any field k. Consider Endy(k[t]) (linear endomorphisms). There
are the two following interesting elements in Endy(k[t]):

R = ({xpxe

for j > 0 (F_(A) = 0).

X: k[t] — k[t] 0: k[t] — k[t]
P ip p — p’ = formal derivation

Let A be the subalgebra of Endg(k[t]) generated by X and 0. This is called the
(first) Weyl algebra A;.

We claim that A has basis {X%0° | a,b € Z>o} (with X°9° = 1). The reader may
check this using the formula 0.X = Xd+id. Furthermore, one can define a filtration
on A via Fj(A) = <{X"8b la+b< ]}> for 7 > 0.

[October 15, 2018]
[October 18, 2018]

16
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Remark. For (A, F,(A)) a filtered algebra the canonical map

can: A — grA=@FN/F @)

i>0

a — (a+ F1(A))izo
is in general not an algebra homomorphism.

Definition. Let A = @,z A; be a graded algebra and M and A-module. Then a grading
on M is a decomposition M = @,z M; into vector spaces such that A;M; C M, for
all 7,5 € Z. Then M is called a graded module.

For graded A-modules M = @, M; and N = @,z N;, a morphism of graded A-
modules from M to N is a morphism f: M — N of A-modules such that f(M;) C N;
for all i € Z.

Remark. Graded A-modules with graded A-module homomorphisms form a category
(where A is a graded algebra).

II1.2. Symmetric polynomials

Definition. Let k£ b a field. Let G := S5, = S({1,...,n}) act linearly on K[X;,...,X,]
by
GXPXE X = X Xy Xy g

A polynomial in k[X1, ..., X,]% is called a symmetric polynomial (in n variables).

Remark. We could replace k£ by any commutative ring R with 1 and extend (*)
R-linearly to get an action of G on R[Xj, ..., X,].

Examples. In K[X;, X5, X5]°* we have e.g. the following elements:
(3) _ y2 2 2

Py = X7+ X5+ X3

h) = X2+ X1 Xy 4+ X1 X3 + X2 4 Xo X5 + X2

eV = X1 Xo + X1 X5 + Xo X5

My = XiXs X3 + X{X3X] + XPX5X] + XPX5 X4
Definition. Let n € Z-( and r € Z>(. Define the symmetric polynomials
pW = X7+ X5 .+ X7,

the r-th power symmetric polynomial (with p(()n) =n),

A= 3 X XS X

|a|=r

17
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where a = (a;)1<i<n € Z%, With |a| = X7, a;, the r-th complete symmetric polynomial
(h(()n) =1),
€$n)::3§£:;X;l)(b "')(“ = 2{: II<X%,
1<iy <...<ip<n IC{1,...,n} i€l
[ I|=r

the r-th elementary symmetric polynomial (with eén) =1lande™ =0if r > n).

Lemma II1.3. For alln € Z~y we have in Z[ X1, ..., X,][t]

[1(t— X;) = t" — it 4 e 2 4 (1)l
i=1
Proof. The coefficient of t*~7 on the left hand side equals

Y Xi) (= Xi,) - (= X) = (—1)je§”).

i<i1<..<i;<n 0

Theorem II1.4 (Fundamental theorem of symmetric polynomials). The elementary

symmetric polynomials eg"), .., e™ generate k[X1,..., X, as a k-algebra. Moreover

they are algebraically independent over k. That means

kX1, X5 — K[ty ..t
eg»n) =t

is an isomorphism of algebras.

Lemma IIL.5. Let G be a group and V; (i € I) representations of G (over some fized
field k). Then

(@w)G—GBVf

i€l i€l

as vector subspaces of @;cr Vi.
Proof.
“D” Obvious.
“C7 Let v = Yier v; € (@e; Vi)¢. Then we have
v=g.v=g. <sz> =Y g.u
i€l iel

for all g € GG since the sum is direct. We get v; = g.v; for all © € I and g € G, and
therefore v; € V,¢ for all i € 1. O

18
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Lemma II1.6. A polynomial f € k[ X1, ..., X,] is symmetric if and only if its homoge-
neous parts f; € k[Xy,..., X,] are symmetric.

Proof. Let A = k[Xy,...,X,] = Yiez k[X1, ..., X,]; the decomposition (since A is a
graded algebra) where

0 if £ <0,
kX, ..., X,.]i = {<{X{” X0 | S ey = z}> otherwise.

G = S, acts on A as above and preserves k[ X, ..., X,|; =@ A;. By Lemma IIL.5 we get

kX1, X)) =AY =P AY = Pk[Xy,..., X"
icZ =/ ]

The following formula holds for all 1 <r < n (n € Z+).

el = =1 4 Xneff:l)
Proof. el = oI xi = oI+ x. > IIX
IC{1,...,n} i€l IC{1,...n—1} i€l IC{1,...n—1} 1€l
[I|=r [I|=r [I|l=r—1
="V 4 X,e,—1"7Y 0

Lemma II1.7. A polynomial f € k[X1,...,X,] is symmetric if and only if it can be
expressed as a polynomial in the eﬁ”) s (over k).

Proof.
“=" We have e € k[X1,..., X,]%". But k[X1,..., X,]°" is a subring, even a subalgebra.

“=" Let f € k[X1,...,X,]°" a symmetric polynomial. We use induction on n.
For n = 1 we have k[X]%" = k[X ]l = k[X|] = k{egl)]

Assume the lemma for n — 1. Let d = deg f. If d < 1, the claim is obvious. Let
d > 2 and assume the lemma holds for any symmetric polynomial h with degh < d.

Consider

g k(X1 .., Xn] — XXl 2 kX, X,
)

p(r1,...,x,) — pxy,...,2,-1,0).

Check that g is an algebra homomorphism. We have:
o q(eg-n)) = eg-n_l) forall 0 < j >n.
o q(efV) = 0.
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q(f) € k[X1,..., X,]°"1, because for g € S,,_;

9-(q(f)) = (a(f)(Xg—11); Xg-1(2)s - -+ Xg=1(n-1)))
= q(f(Xg101), Xg102), - Xg1(m)))
Q((g-f)()(1,-~->)(n))

and as f is symmetric,

=q(/f).
By induction ¢(f) is a polynomial P(egn_l), e ,eﬁj‘:l”) in eﬁ"‘”, ceey g” 11 Set
g = P(e&n), e Sl ) € k[X1,...,X,]. Because ¢ is an algebra homomorphism we

have

q(g) = P(q(e&n)), . ,q(egl")» = P(eﬁ"‘l), . ,e,({i_ll),()) =q(f).

Therefore, ¢(f — g) = 0 in X1 Xal/(x,,), and we get X, | f — g.

By assumption, f is symmetric, by construction, g is symmetric. Thus, f — g is
symmetric, and X; | f — g for all 1 <1i < n, and we have X1 X5--- X, | f — ¢g. Set

-9  [—g

h— _
XXy Xn o e
(here we use that k[X7,..., X,] is a unique factorization domain). Now due to

degg < deg f = d we have degh < d. By induction on degree h canb e written as
apolynomial in the eﬁ”), ..,e" Then, f —g=e™has well as f = eh + g can
be written as such a polynomial by definition of g. O]

Proof ot the FUNDAMENTAL THEOREM OF SYMMETRIC POLYNOMIALS.
We still have to show that the e{™, ... e{™) are algebraically independent (over k). We
use induction on n. For n = 1 we have k[X1]%" = k[X;] = k[e!V)].

Assume the claim holds for n — 1 > 1, but it does not hold for n. Then there exists a
polynomial 0 # P € k[ty,...,t,] such that P(egn), ey eﬁl")) = 0. Let P be of minimal
possible degree. Then

0= q(P(egn), e ,e%")» = P(q(egn)>, i ,q(efl‘))) = P(egn_l), e ,67(171_11),())

and by induction hypothesis X,, | P. R X
Therefore, there exists a p € k[tq,...,t,] such that P = ¢,P. In particular P # 0

and deg P < degP. We have 0 = P(e&"),... (")) = e(")f)(e(”), e(”)). Thus,
ﬁ(e@, e ,e%”)) = 0 since e ) #4 0 and P | 0. This contradicts the minimality of
deg P. O]

Rem(a§'k. The proof gives an algorithm how to express a symmetric polynomial f in
the e}, ... e,

n
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Remark. The proof and theorem also hold for Z[ X7, ..., X,]%".

To better understand the interaction ot the symmetric polynomials (™, p(™ and h

we use generating series in k[ Xy, ..., X,|[t]. For fix n € Z.o we define
E(t) = et H(t) ==Y hi"t, => Pt
r=0 r>0 r>0
Lemma II1.8

1) E(t) =10+ Xit)

Z 1
2) H(t) = U=
_y !
21Xt
Proof.
1) Clear.

2) 1 — Xt is invertible in k[X3, ..., X,][¢], namely with the inverse Q;(t) = =5 =

1+ X;+ X2t +. ... Then [T =5 = Q1(t)Q2(t) - - - Q,(t). But here the coefficient
of t; equals h§ )

3) Left to the reader. O

Corollary II1.9. For all s > 1 we have
A — e(ln)h(s@l + eé”)hg’g — .+ (—1)Seshg") —0.

S

The same holds with e and h swapped.
Proof. Left to the reader. O

Corollary I11.10. For all j > 1 we have

S = S+ pRSY, L p R+ R,
Proof. Let H"(t) be the formal derivation of H(t) with respect to ¢, so H.(t) =

>0 rh{¢"~1. On the other hand (by Lemma II1.8)

H'(t) = Z<(1_Xt2H Xt) ;1—Xit<j1:[11—xjt).

J#i

By comparing coefficients of "~ we get

rhy =3 ph,
s=1

using Lemma II1.8 2) and 3). O
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[October 18, 2018]
[October 22, 2018]

Corollary IT1.11 (Newton identities). For all r > 0 one has
P = eph 4 (1) ey = 0.
Proof. Left to the reader. O

Corollary II1.12. Let k be a field or k = 7Z. There exist polynomials Fy, ..., F, €
klt1,...,t,] such that

Y = Byl oel?) umd = (. 1) =0

forall1l <j <n.

Proof. We have hg”) =X +...+ X, = e§"). Set Fi(ty,...,t,) = t;. Now assume
Fy, ..., F,_q exist for 1 < s <n. Define

Foi=tFy 1 —toFs o+ ...+ (=12t + (—1)*"t,.
By induction and Corollary I11.9 we get

Fy=en™ —efPp™, + 4 (=12 g + (1) e = p.

By switching th ole of the e’s and h’s (using eﬁ”) = hg”)) and Corollary II1.9 again gives

F(R™, ... b0 ) = e, O
Theorem II1.13. Let k be a field. Then there exists a unique algebra homomorphism
O k(X X5 = KXy, X5

eg-n) — hgn)
for all 0 < 57 <n. Moreover 2 =id and so ® is an isomorphism.

Proof. By the FUNDAMENTAL THEOREM OF SYMMETRIC POLYNOMIALS we have an
isomorphism of algebras

O kX, X5 = K[t L,

€§n) =t

By the universal property of the polynomial ring we have a unique algebra homomorphism
D klty, ...ty — E[X1, ..., X%,
(n)

Now set @ := ® o ®. This is an algebra homomorphism.
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III. INVARIANT POLYNOMIAL FUNCTIONS

We have to show that ®2 = id. Since the eg»") generate k[X1, ..., X,]°" as an algebra,
it is enough to show that @(egn)) = hg-n) for all 0 < j < n. By Corollary II1.12 and

construction of ® we get

b(h) = &(F;(ef™, ... e)) = F(®(e™),... &(el)) = Fy(A{"”, ... h) = €

forall 0 <7 <n. ]
Theorem II1.14. Let k be a field with chark = 0 or chark > n. Then the pgn), cee ;”)
generate k[ X1, ..., X,]°" as a k-algebra and they are algebraically independent over k.

Proof. Left to the reader. O

Remark. Theorem II1.14 does not hold over Z. Consider Q[X, X5]*?. There we
2

have ¢ = é((p?)) —péQ)), as one has (X; + X3)? — (X7 + X3) = 2X,X,. If the

theorem holds for k£ = Z then there exists an F' € Z[ty, t5] such that F(pg ),pg)) én).

Viewed as a polynomial in Qlt;,t5] we have 1t2 — 1152 F(tl, ty) = G(t1,t2). It satisfies

G(pl , Do )) = (0. This implies G = 0 because pl ) and p2 are algebraically independent
over 1Q). But this contradicts F' € Zlty, ts).

We want to find a basis of k[X1, ..., X,,]%*. This is another natural occurence of power
series.

Definition. Let A = @,;c; A; be a graded algebra. Assume A; = 0 for i < 0 (non-
negatively graded) and dim A; < oo for all ¢ € Z. Then define the Hilbert series

Pa(t) = (dim A)t" € No[t]

>0

(in particular, if dim A < oo, we have P4(t) € Ny[t]).

Examples.

0) For k a field let A = k[t] with standard grading @;>,(t"). Then we get
Pit)=1+t+t*+...= vt
(Note that P4(t) is not defined for the “stupid” grading.)

1) If A=,z and B = @,z B; are non-negatively graded algebras with dim A <
0o > dim B and dim A; < oo > dim B; for all i € Z. Then A ® B is an algebra,
even a graded ring via

if 1 <0,

0
® D(A® B); where (A® B) { ' oA, ® B;_, otherwise.

1EL
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It is clear that the (A ® B); C A® B are vetorspaces and @,c,(A® B); = A® B
by choosing a homogeneous basis of A and B.

We have to check that (A® B);(A® B); C (A® B);y; for all 4,5 € Z. We can
assume 7, 7 > 0 and check the property on a basis. We have

6A5®Bg—2g(A®B)J GBZ-_TBJ-_SQBH_J-_T_S
P ~~
(a®Db)(c®d) =J3c® bd ,
€A®B;_,C(A®B); SAiAsCAits
and we get ac®bd € Ai1s®Biyj—(r1s) € (A®B);y;. Thus, A® B is a non-negatively
graded ring. We have dim(A ® B); = Y.!_,dim A, dim B;_,, which results in
Pagp(t) = Pa(t)Pp(t).

We now consider the special case A = k[X7, ..., X,] with standard grading. There
is an isomorphism of algebras
A =2 kL] @Kkt ® ... k[t,],
XXz X0 Q12 Q... @t

()

Thus Pa(t) = Pr,)(t) - - - Pip,) () with the standard grading on k[t;]. (Note that
(*) becomes a graded algebra isomorphism.) Hence

Pyt)=(1+t+2+ . )1+t +2+.. ) (T+t+72+..)

i
|
@

Then

PA<t>=Z<n+j+1)tj

o\ n—l

where the binomial coefficient counts all the ways o create #/ from the r factors.
We want the number of tuples (ji,...,jn) € Z%, with j; + ...+ j, = j. We can
think of this by choosing n — 1 points as “barriers” out of n + j — 1 points.

For n = 1, we have <”+3_1) =1, see 0). For n = 2, (j;.rl) is the number of
monomials.

By the FUNDAMENTAL THEOREM OF SYMMETRIC POLYNOMIALS we have an
isomorphism of algebras

O kX1, .., X k[t ... b,

but this is not an isomorphism of graded algebras if we choose the standard gradings
on k[Xy,..., X, ] and k[ty, ..., t,].

Define a grading on k[ty,...,t,] by k[t1,...,t,.); == @(k[Xl, o ,Xn]S"). Because

® is an isomorphism of algebras (in particular of vector spaces) we have

A=kltr,....t,) = EPkltr,.... t.)s.

1>0
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We want to calculate P4(t) with this grading.

We have

as algebras and as graded algebras by setting t; € k[t;] in degree i (since t;
corresponds to 65-") which has degree j). Therefore

nooq
Pa(t) = (141484 )02+ ) (4 ) = [

=1

t1 is of degree 1 to is of degree 2 ty is of degree n

We now focus on how to express the coefficient of #/ in P4(t) explicitly. The
coefficient of ¢; equals the number of tuples (ai,...,a,) € Z%, satisfying la; +
2a9 + ...+ na, = j.

For visualization, consider the following Young diagram consisting of j squares.

Qn | Q| Qp | Qy |- . .| Gy

ap | Qn | Gp |Gy |. . .| Gy

Q2 | Q2

a2 | Q2

a1

a1

a1

In this example, we have a; = 3, as = 2 and a,, = 2.

Definition. For d € N a sequence A = (A > Ay > ...) with \; € Z> is a partition of d
if >0, Ay = d. We write || := Y22, and let [(\) be maximal such that \; # 0 and call
it the length of A. We set

Par(d) := {partitions of d} und Par:= | Par(d).

d>0

Definition. Define a partial ordering on Par by setting A < u for A\, u € Par if we have

SN i
i=1 i—1

for all r > 0.
Definition. For A € Par we define the following elements in k[X1, ..., X,]%".

eg\") = eg\?)ef\z) e (A1 <n)

WY = h{Vh{Y -
) ._ o), ()

p)\ = p)\l p)\z P
(n) . A A An
e gs;Xgé)Xgé) e Xl (I(A) <n)
g n

They are all homogeneous of degree |\|.
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[October 22, 2018]
[October 25, 2018]

Definition. For A € Par let A be the transposed partition given by X\ = [{j | \; = i}|.
In this case, the young diagram is “flipped”.

Theorem IIL.15. The {e&n)} and {hf\n)} for A € Par with \; < n form a k-vector space

of k[X1,..., X% for k any field or k = Z. Moreover {mf\")} for X € Par with [(\) <n
is also basis.

Proof. By the FUNDAMENTAL THEOREM OF SYMMETRIC POLYNOMIALS the monomials

in the egn)’s are linearly independent, because the egn)’s are algebraically independent.

Moreover, they generate as a vector space because the e§")’s generate as an algebra.

Thus, the {ef\n)} with A € Par and A\; < n form a basis. Then the {h&n)} form a basis by

applying the transformation of Theorem III.13.

In e = eg\?)e&? e eE\:L()A) the maximum possible degree of Xy is A} etc. In fact we have

=D+ Y i,
pAt

Therefore the mE\T,f) with A\l <n form a basis, since the eE\n) with \; < n do. As one has
{ANePar | \; <n}={\e€Par |[(\) < n} the m(;” for A\ € Par with I(\) < n form a
basis. O

I11.3. Polynomial maps

In this section k is an infinite field, V' a finite-dimensional k-vector space and vy, ..., v,
a basis of V.

Definition. We set Pp(V) ={f: V — k| f polynomial} where f is polynomial if

f(Z aivi> =plag,..., )

for some polynomial p € k[ty,...,t,].

Remark.
e Clearly Px(V) is a k-vector space with pointwise addition and scalar multiplication.

e The property “polynomial” does not depend on the choice of a basis.
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Proof. Let wy,...,w, be a basis of V and w; = X7, B;;v;. Then we get

f(i1 ajwj) = f(é ajéﬁijvi) = f(ZiOéjﬁijUz‘)

i=1j=1

=D (Z Olgﬂlj, ceey Z Oéjﬁnj)
j=1

j=1
for some p € kl[ty,...,t,] as f is polynomial. But the last expression depends
polynomial on oy, ..., a,; it equals p'(ayq, . .., a,) for some polynomial p'. O

Lemma II1.16. Let W C V' be a vector subspace. If f € Pp(V') we get flw € Pe(W).

Proof. We choose a basis wi,...,w,, of W and extend it to a basis wy,...,w, of V.
Now f(X, ajwy) = plaq,...,am,0,...,0) for some p € k[X1,...,X,] as f € Pe(V).
Consider the image p of p under the canonical map

/{I[Xl,...,Xn] — kX1, X"]/(Xm+1 ..... Xn)gk[Xl,...,Xm].
Then by construction f(}>7, cyw;) = play, ..., an) with p € k[ Xy, ..., X;]. O

Definition. For f,g € Px(V) define fg as (fg)(v) = f(v)g(v) for all v € V. This turns
Pr(V) into a k-algebra.

Theorem II1.17. There is an isomorphism of k-algebras
E[X1,..., X, — Prp(V),
p = fp = <Zaivi '_>p(0417 cee 7an)>-
i=1

Proof. Define for 1 < j < n the j-th coordinate function ¢;: V — k by ¢;(3X1", av;) =
a;. Obviously we have ¢; € P,(V). By the universal property of the polynomial algebra
k[X1,...,X,] there exists a unique algebra homomorphism

B:k[Xy,...,Xn] — Pr(V),

Then B(X{* -+ X)) (v) = (o] - - - ) (v). By the definition of multiplication Py (V') one
gets (7" - i) (o0, aiv;) = af' -+ - adr. Thus § sends p to f,.

By definition § is surjective. Now assume [(p) = 0. Then f,(>_7; ayv;) = 0 for all
(av1,...,p) € k", hence p(ay, ..., o) =0 for all (aq,...,a,) € k". As k is infinite we
get p = 0. Therefore [ is an isomorphism. O]

Remark. The theorem does not hold for finite fields in general. For example, take

p(t) = t* +t € Fyt]. In this case we have p(1) =1+1=0=0+ 0= p(0), so p(A) =0
for all A € Fy, but p # 0. Therefore the § in the proof does not have to be injective.
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Remark III.18. At this point Professor Stroppel seems to have skipped a number in
her notes.

Definition. f € P.(V) is homogeneous of degree d if f(\v) = M\ f(v) for all X € k and
velV.

Proposition II1.19. We have

=@PPu(V), where Pp(V),={f € Pu| [ is homogeneous of degree d}

d>0
and Pr(V) becomes a non-negatively graded algebra.

Proof. Clearly Py(V), N Pip(V), =0 if d # d', as otherwise we have A/ f(v) = f(\v) =
M f(v), or A =X =0 for all A € k and v € V. But t? —t% only has finitely many roots
which contradicts the infinity of k. We get @50 Pu(V'), € Pr(V) via the isomorphism
$ from Theorem II1.17 which maps a monomial p = X" --- X% € k[X;,...,X,] to f,
with f,(3X5 Avi) = p(A1, An). Then f,(Av) = p(AX1, ..., AN,) = AT Tap(A, .o \,).
Hence f, is homogeneous of degree d = a; + - - - + a,,. Hence

Bk[Xy, ..., X (@le,..., ) B Bk[Xy,. ... Xnla)

d>0 d>0

CEPP(V), S P(V).

d>0

But Theorem II1.17 gives that im 3 = Py (V'), hence @50 Pr(V), = Pr(v). Altogether j3
is an isomorphism of graded algebras. O

Definition. Let W be a k-vector space. f: W — V is polynomial if the functions
fi: W — k defined by

= ifi(w)v

are polynomial. Denote P (W, V) :={f: W — V| f polynomial}.

Remark. The property is independent of the choice of a basis. Let wy,...,w, be a

basis of V' and w; = 377, a;;u;. Then we have for w € W

- zn:lfxw)wi = Enj Eni filw)agiv;.

i=1j=1

If f is polynomial in the w; then it is also polynomial in the v;.
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Remark. Consider the special case V' = k. Then f: W — V = k is polynomial iff

Lemma I11.20. Finite dimensional maps together with polynomial maps form a category.

Proof. Left to the reader. O]

Lemma II1.21. P, (W, V) for W a finite-dimensional k-vector space is a P(W')-module
via
(f-9)(w) = f(w)g(w)
for allw € W for f € Pp,(W) and g € Pp(W,V).
Proof. Clearly Maps(W, V) is a Maps(WW, k)-module via the same rule. We have to check

that P (W, V) is preserved under the action of Py(W) C Maps(W, k). So let f € Pr(W)
and g € Pr(W,V) and let wy, ..., w,, be a basis of W. Then

(fg) (i Aﬂl&-) =f (i )\iwi> g (g: Am@) = jép(% s Am) G (g Aiwz‘) v;

f: )\1,..., qj()\l,...,/\m)Uj:f:(fg)j<§:)\iwi>vj
j=1 =1

j=1
=:(f9); (D7, hiwi)

for some p,q1,...,qm € k[X1,..., X as f and the g; are polynomial. As the (fg); are
polynomial in Aq,..., A, we are done. O]

Proposition II1.22. For f € Pp(W,V) define f*: Pe(V) — Pp(W) by f*(h) = ho f,

the comorphism attached to f. f* is an algebra homomorphism.

Proof. For f € Pp(W,V) and h € Px(V') we have ho f € Pp(W) by Lemma II1.20. For
hi,ha,h € Pp(V), A € k and w € W we get

(f*(hy + ho))(w) = (ha + h2)(f(w)) = ha(f(w)) + ha(f(w))
= (7 (h))(w) + (" (h2))(w) = (f* (1) + [ (h2))(w)

and
(S (AR))(w) = (AR)(f(w)) = Ar(f (w)) = A(f*(h))(w) = ((Af7)(h))(w).
Thus f* is linear. One easily checks that f*(hihs) = f*(h1)f*(hs). Altogether f* is an

algebra homomorphism. O

[October 25, 2018]
[October 29, 2018]
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Proposition II1.23. There is a (contravariant) functor

with polynomial maps algebra homomorphisms

W — Pp(W),
fePW, V) = [ :P(V)— Pu(W).

S . ~ _ . op
F: POlk — {ﬁmte dimensional k-vector spaces} N { k-algebras with } — Algzp,

Proof. We know that Py (W) is a k-algebra and f* an algebra homomorphism by Proposi-
tion I11.22. By definition we have idy +— idj, = idp, (). Finally we get for f; € Pp(W, V),
f2 € P(Z, W) and h € Pi(V)

(frof2)*(h) = (fz o f{)(h) = (ho fi) o fa = ho(fiofa) = (fio f2)"(h). a
Theorem II1.24. The functor F' from Proposition [11.23 is fully faithful, i.e. the map
Q: P, (W, V) — Homug, (Pr(V),Pe(W))

= r
s an isomorphism of k-vector spaces for all finite-dimensional k-vector spaces V' and W.

Proof. Clearly €2 is lineary. We have to show that it is invertible.
Let vy,...,v, be a basis of V' and consider the isomorphism of algebras

Brk[Xy,..., X, — Prp(V)
By the universal property of the polynomial algebra we have

- Pk(W)@n — HomAlgk(k‘[Xl,...,Xn],Pk(w)>
(froos fu) = W(f) = (X5 = f))

On the other hand we have
O P(W)*" — Pp(W,V)
(fla"'7fn) = f =W Zfz(w)wz
i=1

(fr oo fu) = f=we ) filw)w
i=1

As these maps are inverse ¢ is a bijection. Again let f € (W,V), w € W and

f(w) =3 filw)wi. Then f*(;)(w) = (p; 0 f)(w) = @;(f(w)) = fi(w), or [*(¢;) = [;
for alle 1 < 7 < n. Therefore by definition

Q(fr, o ) =) = =T(fr,.. fa) 0 BT

because f*(¢;) = U(f1,..., fa) (B (p;) forall 1 < j <n (and f* is an algebra homo-
morphism, hence defined by the f*(¢;)).
Now W is invertible, and so is 2 o ® and finally €. O
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I11.4. Covariants
Let k£ be a field of infinite cardinality.

Remark. Let 7: W — V be a linear map of finite-dimensional k-vector spaces. Then

m € Pr(W,V) is homogeneous of degree 1. To see this choose bases vy, ..., v, and
wi, ..., wy, of Vand W respectively. Now we get
m m n m
m Z )\jwj = Z )\j 7r(wj) = Z Z 61‘]')\]' V;.
j=1 j=1 S~ =1 \j=1
iy Bigvi
polynomial in Aq,..., Am

Let G be a group and V' a finite-dimensional representation of G. Then Pr(V) is a
representation of G via

(9-f)(w) = flg~"v)
forall g € G, f € Pr(V) and v € V. We have to show that g.f is again in Py (V') (the rest

is clear, since V' is a representation). Now g.f = f o7 -1 is a composition of polynomial
maps and therefore by Lemma II1.20 polynomial.

Definition. Let G be a group and V, W finite-dimensional representations of G (over

k). A map f: W — V is covariant if it is polynomial and G-equivariant. Denote
Covg(W,V) = Cov(W, V) :={f: W — V| f covariant}.

0) If f € Homg(W, V') we have f € Cov(W,V).

1) Let V be a finite-dimensional representation of G. Then f: V — V®? given by
f(x) = 2% is covariant and homogeneous of degree d because

I=(i1,...;ig) i€l i€l

Note that {vi ‘ Ie{y,... ,n}d} forms a basis of V®?. Definite p; € k[ty,...,t,]
by pr(ty, ..., t,) = 1" - -t3* where a = [{j | ¢; = h}|. Then pr(A,..., ) = As
and f is polynomial. f is G-equivariant since f(g.v) = (g.v)®? = g.v®4. Thus f is
covariant.

2) Let V = M,,xn(k) and G = GL, (k) act on V' by conjugation. Then

fm: Vo =V
A — A"

is covariant for all m > 1.

Lemma I11.25. Let VW be finite-dimensional representations of a group G. Then
[ W — V is covariant if and only if f*: P(V) — Pp(W) is G-invariant.
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Note: The action of G on Hompye, (Pi(V), Pe(W)) is given by (g.h)(p) = g.(h(g7 .¢))
for all g € G, h € Homyyg, (Pre(V), Pe(W)) and ¢ € Py (v).

Proof. Left to the reader. O]

Proposition 111.26. Let V., W be finite-dimensional representations of a group G and
f € Covg(W, V). Then

£ (Pe(V)¥) € Pu()°.
Proof. Let h € Pi(V)% and g € G. For all w € W we have

(9-f*(h)(w) = (g-(h o f))(w) = (ho f)(g~"w) = h(f(g~".w)) = h(g™".f(w))
= (g-h)(f(w)) = h(f(w)) = (f*(h))(w). O

Proposition I11.27. Let V. W be finite-dimensional k-vector spaces. The Py(W')-module
structure on Pp(W, V) induces a Pr(W)-module structure on Cov(W,V) if V,W are
representations of G by restriction.

Proof. Pp(W)% is a subring of Px(W), and by Lemma [.8 even a subalgebra. Let
f€Cov(W,V), h € P(W)¢, g € G and w € W. Then we have

(h.f)(gw) = h(g.w) f(g.w) = h(w) f(g.w) = h(w)(g.f(w)) = g.(h(w) f(v))
= g.(h.f)(w),

and hence h.f is G-equivariant. O

IV. Invariants of matrix actions
Let k be a field of infinite cardinality.

Theorem IV.1 (Invariant Theorem I). Let G = SL, (k) act on M, x,,(k) by left multipli-
cation. Then
det: Myxn(k) — k

G

generates Pr(Mxn (k)" as a k-algebra and it is algebraically independent, i.e.

k[t] —  Pr(Mpuun (k)€
t — det

s an isomorphism of k-algebras.

Proof. Obviously, det is polynomial. It is also G-invariant, as we have (S.det)(A) =
det(S71A) = det A for all S € G and A € M, (k).

We have to prove that det is algebraically independent. Let p € k[t] with p(det) = 0.
We get (p(det))(A) = p(det(A)) =0 for all A € M,,«,(k). Thus, p(A\) =0 for all A € k
because det is surjective. But this implies p = 0 as k is of infinite cardinality.
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It is left to show that det generates Py(M,x,(k)) as an algebra. Let f € Prp(M,x,(k))C.
Since f is polynomial there exists a p € k[t11,. .., t,,] such that f(A) = p(air, ..., awm)
for all A = 37, <, aijE; using a basis Ej; (1 <i,j <n).

Consider the algebra homomorphism

\I/Ik[Xll,...,Xnn] — ]{Z[t]

0 ifi#j
X — {1 ifi=j#1
t ifi=j=1.

Set p = W(p). Then p(\) = p(diag(A,1,...,1)) for A € k. Consider A € GL,(k),
B = diag(det A,1,...,1) and S := AB~! € G. Then

f(A) = f(SB) = f(B) = p(det A) = (p(det))(A).

Therefore f = p(det) = 0 when restricted to GL,, (k).

We now claim the Zariski property I: If h € Py(Myxn(k)) such that hlgr, ) = 0 then
h = 0. We will prove this in Corollary IV.8.

As a consequence f = p(det) as elements in Pr(M,x,(k))¢. Hence f is contained
in the subalgebra generated by det, and Pj(M,x,(k))¢ is generated as an algebra by
det. O

Let xa(t) = det(tl, — A) denote the characteristic polynomial of A € M,y (k). We
can expand this to

xa(t) =t — s (A" 4 sy (A)"2 — L+ (—1")5,(A)

with s; € Pr(M,x,(k)) for all 1 < i < n. For A = diag(dy,...,d,) we have s;(A) =
(n)
€, (dl, . 7dn)

[October 29, 2018]
[November 5, 2018]

Theorem IV.2 (Invariant Theorem II). Let G = GL, (k) act on M« (k) by conjugation
S.A=SAS7! for S € GL,(k) and A € Myxpn(k). Then Pr(Mpxn(k))C is generated as a
k-algebra by sy, ...,s,. Moreover these elements are algebraically independent over k,
i.e.

PeMasn(B)E = E[tr, ... 1]

S; tz
is an isomorphism of k-algebras.

Proof. Obviously, s; € Pr(M,xn(k)). They are G-invariant because x4(t) is invariant
under conjugation. Thus s; € Pp(M,xn (k)¢ for all 1 <i < n.
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IV. INVARIANTS OF MATRIX ACTIONS

Now let us show that the s; are algebraically independent. Take p € k[ty,...,t,]
such that p(s1,...,8,) = 0. Then p(s1,...,8,)(A) = 0 for all A € Pr(M,xn(k)), so
also for all diagonal matrices diag(dy,...,d,). Using our observation from above we
get p(egn), . .,eﬁl”))(dl, ...ydy) =0 for all d; € k. Thus p(eﬁ”), . ,eﬁl”)) = 0. By the

FUNDAMENTAL THEOREM OF SYMMETRIC POLYNOMIALS we get p = 0 as the e\ are
algebraically independent.

We still need to prove that the s; generate Pyp(M,x,(k))¢ as an algebra. Take f €
Pr. (M, (k))C. Since it is polynomial, there exists a p € k[t11, ..., tn,] such that f(A) =
plain, ..., apy,) for A = (a;;). Define the algebra homomorphism

D ]{?[tn,...,tnn] — k[tl,,tn]

t; ifi=j
tij — :
0 otherwise

and p := ®(p). Hence f(diag(dy,...,d,)) =Dp(dy,...,d,) by definition.
Now we want to show that p is symmetric, i.e. p € k[ty,...,t,]". We already have an
isomorphism of algebras

B:klty,...,t)] — Pp(k")

t; +— ; (coordinate function)

in standard basis. Now [ is S,-equivariant if we let S,, act on k™ by permuting the
standard basis vectors e;. It is enough to show that §(p) is S, invariant. Realise g € S,,
as a permutation matrix A, such that A E; = Ey;). For D = diag(ds,...,d,) we have

AgDA = diag(dg_l(l), e ,dg_l(n)). We gets

(9-80)(dy,-.,dn) = B@) (g7 (dr, .., dn)) = BB) (dg-1(1)s - g1
= f(diag(dg-11), - dg-1(m)) ) = F(Ag1 DA)
= 1(A,,D(A4,)") = £(D)
for all g € S, as f is G-invariant. Thus P is a symmetric polynomial.

By the FUNDAMENTAL THEOREM OF SYMMETRIC POLYNOMIALS we have a q €
klt1,...,t,) with p = q(egn), o ,e;")) For D = diag(dy,...,d,) we have

ﬂD):q@@,nﬁﬁﬁuh“q¢g:q@h“w%xD)

Therefore f — q(s1,...,$,) = 0 whe restricted to diagonal matrices.

We now claim the Zariski property II: If h € Pp(Myx,(k))¢ such that h
then h = 0. We will prove this later (see Lemma IV.11).

As a consequence f — q(s1,...,8,) =0 (on all matrices in M,,»,,(k)). It follows that
S1,. -, 8, generate Pyp(M, o, (k))C. O

diagonal — 0
matrices
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Another family of elements in Py (M, (k)% *) (under conjugation action) are the
power traces

Tr;: Mysn(k) — &
A — Tr(A).
Obviously Tr; € Pr(Myxn(k)). They are GL, (k)-invariant as we have
(. Tuj) (4) = Tr,(S71AS) = Tr(S™LATS) = Tr(AT) = Try (4)
for all S € GL, (k) and A € M, ,(k).

Theorem IV.3. Let n > 1 and k an infinite field with chark = 0 or chark > n. Then
Try, ..., Tr, generate Pr(Mxn (k)52 *) as a k-algebra and are algebraically independent.
Hence

k[t .o tn] — Pr(Myn (k)G ®
defines an isomorphism of k-algebras.

Proof. Let D = diag(d,...,d,) be a diagonal matrix. Then

TI‘j(D) TI' D] Zdj = dl,. .. ,d )

By Theorem II1.14 the p§") generate k[X,..., X,]°" as a k-algebra (under the given

assumptions in k) and they are algebraically independent. Now argue as in the proof of

(n)

- (n)
the INVARIANT THEOREM II with e; replaced by p;™. O

Definition. Let W be a finite-dimensional k-vector space (k infinite field). X C W is
Zariski-dense (over k) if flx = 0 implies f = 0 for all f € P,(W). Let X CY C W.
Then X is Zariski-dense in'Y (over k) if f|x = 0 implies f|y = 0 for all f € Pp(W).
Examples.

0) An infinite subset X C k is Zariski-dense.

1) Let U C W be a vector subspace. Then U is not Zariski-dense in W.

Proof. Let wq,...,w, be a basis of U. Extend it to a basis wy,...,w, of W.
Consider the map

W — k

=1

Obviously m € Pr(W). Now note that 7|y = 0, but © # 0. O
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Remark. Zariski density depends on k, e.g. R C C is not dense over R but it is over
C.

Lemma IV.4. Let k be an infinite field and k C L a field extension as well as W a
finite-dimensional k-vector space. Let Wi := L @3 W.

1) k™ C L™ is Zariski-dense over L for alln > 1.
2) W Wy, (byw— 1®w) is also Zariski-dense over L.
Proof. Left to the reader. m

Lemma IV.5. Let k be an infinite field and k C L a field extension as well as W a
finite-dimensional k-vector space. Let Wi, := L ®;, W. Then there exists a unique algebra
homomorphism incl: Py(W) — PL(Wy) such that the diagram

W can WL

w—1Qw

fl Jincl(f)

k —— L
commutes for all f € Pp(W). Moreover incl(f) is surjective.

Proof. Let wy, ..., w, be a basis of W. Let ¢1,...,y, be the coordinate functions in
Pr(W). Then 1 @ wy,...,1 ® w, is a basis of Wy. Let 1,...,1, be the corresponding
coordinate functions in Pr,(W}). Define incl(y;) = 1;. This results in a unique k-algebra
homomorphism since the 1, ..., 1, are algebraically independent over L. The map is
injective as the basis p¢ = ¢j* - - - i™ with a = (a4, ..., a,) € Z%, is mapped to linearly
independent elements. -

Now we show that the above diagram commutes. For f € Pr(W) we write f =
p(¢1, ..., pn) for some polynomial p € k[t,...,t,]. Then

(mcl(f) @) can) (i )\sz> = p(¢17 R ,I/Jn) <i >\2(1 &® wl)> = p()\l, <y >\n>7
=1 =1
but on the other hand

(Z)\wl)pwl,...,wn (ZAw)pAl,...,)\n).

=1

Finally, assume that incl’ is another such algebra homomorphism. We have incl(f) =
incl'(f) € Pr(Wp) for all f € Pr(W). By definition (incl(f) — incl'(f))|w = 0. By
Lemma IV.4 2) W C W is dense over L. Therefore incl(f) = incl'(f) for all f €
PLWL). 0
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Corollary IV.6. Let k be an infinite field and k C L a field extension as well as W a
finite-dimensional k-vector space. Let Wi := L @, W. Then

(I)Pk(W)L — PL(WL)
A® f — Xincl(f)

is an isomorphism of k-algebras.

Proof. Take k-bases ¢® and ¢* of Pr(W) and P(Wy) for a € Z%,, respectively. Then
d(1 ® ¢*) = incl(p®) = ¥? a basis vector over L. Hence ® is an isomorphism of
k-vector spaces since it sends a basis to a basis. It is an algebra homomorphism by
Lemma IV.5. 0

Lemma IV.7. Let k be an infinite field and W a finite-dimensional k-vector space. For
h € Pe(W)\ {0} define Wy, :== {w € W | h(w) # 0}. Then W), C W is Zariski-dense
(over k).

Proof. Let f € Pp(W) with f|lw, = 0. Then fh = 0 as we have (fh)(w) = f(w)h(w) =0
for all w € W. Since Pi(WW) is an integral domain we have f = 0 since h # 0. O

Corollary IV.8. GL, (k) C M,xn(k) is Zariski-dense (over k). This proves Zariski
property 1.

Proof. Use Lemma IV.7 with W = M,,»,,(k) and h = det. O

[November 5, 2018]

[November 8, 2018]

In the proofs of Invariant Theorem I and Invariant Theorem II we assumed the following
properties:

Zariski property I: If f € Pr(M,xn(k)) such that f|ar, (k) = 0 then f = 0.
Zariski property II: If f € Pp(Mpxn(k))S*®) such that f

diagonal =— O then f - 0

matrices

We already proved Zariski property I in Corollary IV.8.

Lemma IV.9. Let G be a group, W a finite-dimensional representation of G over k and

fe 'Pk<W)G
1) If X CW such that G.X ={g.x | g € G,z € X} is Zariski-dense and if f|x =0
then f = 0.

2) If there exists a Zariski-dense orbit then f is constant.
Proof.

1) As f is G-invariant we have f(g.z) = f(z) = 0 for all g € G and z € X. Thus,
fle.x =0, and f =0 as G.X is Zariski-dense.
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2) As f is G-invariant it is constant on G-orbits. Let O be a dense G-orbit. Then
there exists a A € k such that (f — A)|o = 0. As O is dense, we get f — A =0 or
f=A O

Proposition IV.10. Let k = k. Define
Diag, (k) == {A € M,.xn(k) | A diagonizable}.
Then Diag,, (k) is Zariski-dense in My, (k).

Proof. Let f € Pp(Mpxn(k)) such that flpig, ) = 0. We show that f = 0. Let
A € Myxn(k). As k =k, A has a Jordan normal form, i.e. S € GL, (k) such that SAS™!
is in Jordan normal form with diagonal entries by, ...,b, € k (not necessarily distinct).
Define functions D, M, p: k — M,,«, (k) as follows. Fix pairwise distinct a;,...,a, € k
(possible since |k| = c0). Now set

D(z) = zdiag(ay, ..., an),
M(z) = SAS™' + D(z),
o(z) =S 'M(2)S = A+ S'D(z)S.

Note that the eigenvalues of p(z) are by + a1z, ..., b, + a,z and ¢(0) = A.

The eigenvalues of ¢(z) are pairwise distinct for all but finitely many z € k. To see
this choose z € k such that b; +a,z = b; +a;z for i # j. Then z = % So z is uniquely
determined by this equation. ’

Thus ¢(z) € Diag, (k) and f(p(z)) = 0 for all but finitely many z € k. Now we have
f o € Pr(W) such that f o ¢ vanishes on all but finitely many z € k. But as |k| = oo

we get fop=0and 0= f(p(0)) = f(A). O

In particular Zariski property II holds for k = k: Take f € Pp(M,xn (k) *) such
that f|p,@x) = 0 where D, (k) is the set of diagonal matrices in M, (k). By Lemma IV.9
we get f|piag,(x) = 0 and by Proposition IV.10 f = 0.

Lemma IV.11. Let k be an infinite field and L = k. If f € Pr(Myun(k))S*®) then
incl(f) € Pr(Mysxp(k))CSEn®).

We claim that this Lemma implies Zariski property II.

Proof. Let f € Py(Myuxn(k))® such that f|p,x) = 0. Consider f = incl(f). By
definition of incl we have f(A) = f(A) for all A € D,(k) (note that D, (k) C D, (L) =
D, (k); by scalar extension). Thus TDn(k) = 0. As D, (k) is Zariski-dense in D, (L) =
D, (k); by Lemma IV.4 2) we get f|Dn(L) — 0. Then f = 0 by Lemma IV.11 and the

discussion above. As incl is injective by Lemma IV.5 we have f = 0. [

Proof of Lemma IV.11. Let f € Pp(Muxn (k). Denote f= incl(f). Define

v Mpsn(k) X Mpxn(L) — L
(A,B) — f(AB)— f(BA).
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We want to show that v = 0. For S € GL,(k) and A € M, «,(k) we have f(SA) =
F(SASS™Y) = f(AS) as f is GL,(k)-invariant. Thus f(AS) = f(AS) = f(SA) = f(SA)
and (S, A) =0 for all S € GL,, (k) and A € M, (k).

Fix S € GL, (k) and define

Ys: Musn(L) — L
A — (S, A).

We have v € Pr(Muxn(L)) and vs|u, ) = 0. As Myxpn(k) is dense in My, (k) =
Mysn(L) (over L) we get vg = 0. Therefore v(S,A) = 0 for all S € GL, (k) and
A e M, xn(L).

Fix A € M,,«x,(L) and define

YA Mpn(L) — L
B — ~(B,A).

Again ¥4 € Pr(M,x,(L)) and fyA]GLn(k) = 0. The reader may check that GL, (k) is
Zariski-dense in M,,»,,(L) over L. Then v = 0. As A as arbitrary we get v = 0.

Now let S € GL,(L) and A € Myxn(L). Then f(SAS™) = f(AS~1S) = f(A), and
F € Pi(Mpyyn(L))CEn(E), O

V. Semisimple modules and the Artin-Wedderburn
theorem

In this section R is a ring with 1, but not necessarily commutative. Modules are left
modules.

V.1. Semisimple modules

Definition. An R-module M is called irreducible it M # 0 and if M has no other
submodules other than 0 and M.

Proposition V.1. Let M be an R-module. Then the following are equivalent:

1) M is the sum off irreducible submodules, i.e. there exists a collection (L;)icr of
irreducible submodules L; € M such that M = 3 ;cr M.

2) M is isomorphic to a direct sum of irreducible R-modules, i.e. there ezists a
collection (L;)ier of irreducible R-modules L; such that M = @,c; L;.

3) Every submodule of M has a complement, i.e. for every submodule M' C M there
exists a submodule M" C M such that M' N\ M" and M' + M" = M.

Proof. Left to the reader. O]

Definition. An R-module is called semisimple if it satisfies one of the equivalent condi-
tions from Proposition V.1.
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Examples.

1) Let R =k a field. The irreducible R-modules are the 1-dimensional k-vector spaces
as every k-vector space has a basis. Thus every k-vector space is semisimple.

v 1le )

Let M = k? with the obvious R-module structure. Then M’ = <<é>> is a proper
k
submodule, and M is not irreducible. But M’ does not have a complement, thus

M’ does not have a complement, and M is not semisimple.

2) Let k be a field and

a,b,cék}.

3) Let G be a finite group and R = kG such that chark { |G|. By MASCHKE’S
THEOREM every finite-dimensional kG-module is semisimple.

Lemma V.2.
1) If (M;)ier is a collection of semisimple R-modules then @,;c; M; is semisimple.
2) Let M be semisimple and N C M a submodule. Then N and M/N are semisimple.
Proof.

1) As the M; are semisimple there exist irreducible modules Ll(j ) with j € J; such that
M; = @y, L§])~ Then we have

PAPRLY =P M,.

il jeJ; el

2) N is semisimple: It is enough to show that any submodule of N has a complement,
in N. Consider a submodule U C N which also is a submodule of M. Since
M is semisimple there exists a complement C' of U in M, i.e. M =U & C' as
R-modules. Set C" = NNC. We want to show that N = U & C’. Takey € N.
Then we have n € U and ¢ € C' such that y = u+c¢. Now ¢ =y —u € N since
ue€UCN. Thence CNN=C" Weget N=U+C"and then N =U @’

since UNC = 0.
M/ is semisimple: We have /N = C" as R-modules. Since C” is a submodule of
N it is semisimple by 1). Hence M/n is semisimple. O

[November 8, 2018]
[November 12, 2018]
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Definition. Let M be an R-module and L an irreducible R-module. Then

Iso(M):=>_ E

E C M submodule

E = L as R-modules

is the L-isotypic component of M.
Lemma V.3 (Schur’s lemma). Let M be an irreducible R-module. Then:

1) Let N be an irreducible R-module and f: M — N an R-module homomorphism.
Then f =0 or f is an isomorphism.

2) Endg(M) is a skew field (i.e. a field, but the multiplication is not necessarily
commutative).

If R is moreover a k-algebra:

3) Endg(M) is a division algebra (i.e. an algebra where all nonzero elements have a
multiplicative inverse).

4) If k =k and dimy M < oo then Endg(M) = k by Aidy < .

Proof. We omit the proofs of 1), 2) and 3) (see the proof of SCHUR’S LEMMA for
representations).

Now we show 4). We claim that if D is a division algebra (over k) and dimy D < oo we
have D = k. To see this let 0 # a € D. The elements 1, a,a?, ..., are linearly dependent
because dimy, D < co. Therefore we have a p € k[t] with p(a) = 0 and p # 0. Since k = k
we have p(t) =TI, (t — a;) for some a; € k. Now 0 = p(a) = [1",(a — a;), and we get
a = a; for some i. Thusa € k and D = k.

Now Endg(M) C Endg (M) is finite dimensional by assumption, hence by 3) a finite
dimensional divison algebra. Our claim implies 4). [

Lemma V.4. Let M be a semisimple R-module. Let p: @;cr Li — M be an isomorphism
of R-modules with L; (i € I) irreducible. Then

Isor,(M) = ¢ (@ Lj)

where J ={iel|L;=L}.

Proof. Since ¢ is an R-module isomorphism (hence injective) we have o(@;c; L;) =
@icr (L) and o(L;) = L; for all i € I (by SCHUR’S LEMMA).

jed jel >~ jeJ

41



V. SEMISIMPLE MODULES AND THE ARTIN-WEDDERBURN THEOREM

“C”: Assume Iso, (M) € @(GBJEJ L]-). Then there exists a iy € I such that ig ¢ J and
the map
fiIsoy (M) — M — o(L;,)

(M — ¢(L;,) by projection) is nonzero. Then there exists a submodule L C M such
that f|; # 0 and f defines a nonzero R-module homomorphism L — ¢(L;,) = L;,,
contradictory to SCHUR'S LEMMA since ig ¢ J. O

Definition. We define
— isoclasses of irre- .__ {irreducible
II‘I‘(R) *— Ulducible R—modules} T {R—modules}/N

where L ~ L' if L =2 L/ as R-modules. We often fix a system of representatives for the
isoclasses and identify the set of representatives with Irr(R).

Remark. Irr(R) is indeed a set.

Proof. Let L be an irreducible R-module. Pick 0 # m € L. This generates L as an
R-module. We get a surjective R-module homomorphism

p:R — L

1 — m.

Henc B/kere = L and ker ¢ = Anng(m) is a left ideal. Since L is irreducible, ker ¢ is in
fact maximal. But maximal left ideals form a set. O

Example. R =k a field. If V is an R-module (i.e. k-vector space) then (v) C V is a
submodule of V for all v € V. Thus Irr(R) = {k}.

Lemma V.5. Let M be a semisimple R-module. Then we have

M = Plso, (M),
Lelrr(R)

the isotypic decomposition.

Proof. As M is semisimple there exists an isomorphism of R-modules ¢: @;c; L; — M
with irreducible modules L; (i € I). Now group summands which belong to the same
isomorphism class in Irr(R) and use Lemma V.4. O

Example. If R =k a field then

M = P Isor (M) = Isox(M)
Lelrr(k)={k} k-isotypic component

and we get M = @, k. The existence of such an isomorphism is equivalent to the
existence of a basis. Each such iso corresponds to a choice of a basis.
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V.2. Hilbert’s theorem

Theorem V.6 (Hilbert’s theorem). Let G be a group and W a finite-dimensional repre-
sentation of G over k (k an infinite field). Assume Pr(W) = @, L; as representations
of G with irreducible L; (i € I). Then Pp(W)Y is finitely generated as a k-algebra.

Remark. The assumption says precisely that Py (1) is a semisimple kG-module.

Remarks.

e If G is a finite group and chark { |G| then Pp(W) = @50 Pr(W), (see Proposi-
tion I11.19) is a graded algebra with finite-dimensional homogeneous components
P (W), with are then finite-dimensional representations of G.

By MASCHKE’S THEOREM Py (W) is semisimple and so Pr(W) = @450 Pe(W), is

semisimple by Lemma V.2.

e In the case R = kG for some group G the semisimplicity is often called complete
reducibility.

Goal. We want to find examples where HILBERT’S THEOREM holds. This will lead us
to reductive groups (SLy(k), GL,(k), algebraically closed fields, ...).

Lemma V.7. Let B = @;>o Ba be a non-negatively graded k-algebra. Consider the
(two-sided) ideal By = @40 Ba. If By is a finitely generated ideal in B, then B is finitely
generated as a By-algebra. Moreover one can finite a finite generating set of homogeneous
elements.

Proof. Left to the reader. O

Lemma V.8. Let A be a commutative k-algebra, G a group acting on A by algebra
automorphisms. Assume A = Y ,c; L; as representations of G with the L; (i € I)
irreducible. (i.e. A is a semisimple kG-module). Then:

1) A = A°@ N as representations where A = YjesLj and N = 3 ,cp y Li with
J={iel|L; =T} and the trivial representation T .

2) The Reynolds operator m: A — AY (projection) satisfies w(ba) = br(a) for all
be A% and a € A.

Proof.

1) This follows from the isotypic decomposition AY = Isop(A) and

N =@ IsoL(A).

Lelrr(kG)
LZT
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2) For s € A% consider my: A — A by a + ba. This is an morphism of representations
as we have my(g.a) = b(g.a) = (g.b)(g.a) = g.(ba) = g.my(a) for all a € A and
g € G. By SCHUR’S LEMMA the restriction of m; to any L; has image isomorphic
to L; or 0. Thus my(AY) C A and mu(N) C N. For b € AY and a € A we have
7(ba) = m(ba; +as) = ba; = br(a) where a = a; +ay with a; € A anday € N. O

Proof of HILBERT’S THEOREM. Set A := P,(W). We know that A = @, Aq. By
Lemma V.8 we have A = AY @ N (with the notation from there). If I C A is an ideal
then

T(IA) = It(A) = TA% =1 (*)

using the definition of m and 1 € A®. By Lemma IIL.5 we have A = @4-¢ A and we
can take [ := AY = @y AY. Then I = I A is the ideal in A generated by I. Since A is
noetherial (because A = k[Xy,..., X,]) we can find fi,..., fn € I which generate I (for
some m € N).

We claim that fi,..., f, generate I as in ideal in A®. By (*) any z € I is contained
in m(IA), hence z = w(X", f;a;) for some a; € A. Using Lemma V.8 2) we get
v =Y, fir(a;). As m(a;) € A® for all i the claim follows.

Now apply Lemma V.7 to B = A with B, = Da>o AY. Then AY is finitely generated
as a Bp-algebra. But By, = A§ = Ay = k1 = k. Hence AY is a finitely generated
k-algebra. O

V.3. Semisimple rings and algebras

Definition. A ring R (with 1) is semisimple if it is semisimple as a left mdoule over itself
(via the regular action given by left multiplication). In this case R = @;cp(r) Isor(R).
An algebra A is semisimple if it is semisimple as a ring.

Definition. A ring R (with 1) is simple if R # 0 and R = Isor(R) for some irreducible
R-module L. An algebra is simple if it is simple as a ring.

[November 12, 2018]
[November 15, 2018]

Remark. Simple rings are semisimple.

Example.
1) R =k is a simple ring.

2) Let G finite group and k a field with char k { |G|. By MASCHKE’S THEOREM kG is
a semisimple ring.

3) Let R = M,x,(D) with n € Z-o and D a division algebra. Then R is a simple
ring/k-algebra.
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Proof. For 1 <i <mnlet
G = {A € M,;xn(D) | nonzero entries only in i-th column}.

Then R = M,,x,(D) = @}, C; as R-modules because Ey,Ej; = 0;,E,; and C; = D"
as R-modules and C; = D" as R-modules by Ej; — e; (the j-th basis vector). Now
D™ is an irreducible R-module since R acts trasitively on D™ (because then any
nonzero submodule is already D"). Thus R = @ ; L with L = D" irreducible,
and R is simple. O

Lemma V.9. Let R be a simple ring. Then |Irr(R)| = 1.

Proof. As R is simple we have R = Isor,(R) for some irreducible R-module L by definition.
Assume that L' is another irreducible R-module with L 2 L’. Then pick 0 # m € L’
and obtain a surjective R-module homomorphism R — L’ by 1 — m. Hence we get a
nonzero R-module homomorphism Isor(R) — L. Thus there exists a nonzero R-module
homomorphism L — L’ which is a contradiction to SCHUR'S LEMMA. We get L = /. [

Proposition V.10. Let R be a semisimple ring and M an R-module homomorphism.
Then M is semisimple as an R-module.

Proof. Let {m;};c; be a set of generators of the R-module M. We get a surjective
R-module homomorphism

@R — M
icl

0,...,0,1,0,...,0) — mj.

Now R is semisimple, and it is also semisimple as a left R-module. By Lemma V.2
@;cr R is a semisimple R-module and then also the quotient M. O

Proposition V.11. Let R be a semisimple ring. Then we can find irreducible R-modules
L; with i € I finite such that
R= @ L;.

iel
Proof. As R is a semisimple ring we can find irreducible R-modules L; (i € J) such that

¢! @ics Li — R is an isomorphism of R-modules. Write 1 = 3",.;e; with e; € L; and
finitely many e; nonzero. Let I = {i € J | ¢; # 0}. Then

f=¢lg  PL—R
el

i€l

f is injective (because ¢ is) and 1 € im f. We get R1 C im f because it is an R-module
homomorphism. Thus f is surjective and an isomorphism. O]
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Motivation. Assume R is a ring and M an R-module. Then M is an R’ := Endg(M)-
module via f.m = f(m) for all f € R and m € M. We call R’ the centralizer of the
R-action on M. What is now the centralizer of the R’-action on M7 By definition we
have R" = Endg/ (M) = Endgpa, ) (M). We are interested in situations where R” = R’
(the double centralizer property).

Theorem V.12 (Jacobson density theorem I). Let R be a ring with 1 and M a semisimple
R-module. Consider the map

d: R — EndEndR(M)(M)

r o— (m—rm).

Then the image of ® is “dense” in the following sense: For all f € Endgna,a)(M) and
my,...,mg € M there exists an a € R such that f(m;) = am; for all1 <i <s.

Remark.

1) Consider ®: R — Endgna,m)(M) € Maps(M, M) with the discrete topology.
Then im @ is dense in Endgug,( (M ) in the topological sense.

2) In the special case M = R (an R-module via left multiplication) the JACOBSON
DENSITY THEOREM I gives an isomorphism of algebras

R e EndEndR(M)(M) *L EndRR
Proof of JACOBSON DENSITY THEOREM I. As we have ®(r)(f.m) = ®(r)(f(m)) =
rf(m) = f(rm) = f(®(r)(m)) for all f € Endg(M), m € M and r € R, ® is
well-defined.

First we assume s = 1. Let m = my; € M. Since M is a semisimple R-module the
submodule Rm has a complement, i.e. M = Rm & C as R-modules. Consider 7: M =
Rm @ C — Rm — R by projection. Clearly 7 € Endg(M). For any f € Endgna, (M)
we have mo f = fonm. Thus f(m) = f(w(m)) = 7(f(m)) € Rm, so there exists an a € R
such that f(m) = am.

For the general case let my,...,m, € M and f € Endgna, ) (M). Define

f::éf:Ms — M*
(n17"'7n8) = (f(nl)a>f(n8))

The reader may check that f € Endgnag () (M?°). Using the case s = 1 there exists an

a € R such that f((my,...,ms)) = a(my,...,m,). But we also have f((my,...,my)
(f(my),..., f(my)), so we get f(m;) =am; forall 1 <i<s.

oo
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Corollary V.13. Let k be a field and A a k-algebra with 1. Let M be a finite-dimensional
semisimple A-module. Then

(I)ZA — EndEndA(M)(M>

a +— (mw— am)

18 surjective.

Proof. We have k C End4 (M), hence Endgpa () (M) C Endg(M). Let my,...,ms € M
be a basis of M. For f € Endgya, (M) we find an a € A such that f(m;) = am; for
all 1 <4 < s by the JACOBSON DENSITY THEOREM I. Now f is determined on a basis of
M, and we get f(m) = am for all m € M. ]

Theorem V.14 (Jacobson density theorem II). Let R be a ring with 1 and N a
semisimple R-module. Let ny,...,ns € N be linearly independent over Endg(M) and
ni,...,n, € N arbitrary. Then there is an r € R such that rn; =n for all 1 <1i <'s.

Remark. That means that N° is generated by ny,..., ns.

Proof. Let x = (nq,...,ns) € N°. Now N* is semisimple. Hence Rx has a complement in
N# say N* = Re@®C. Consider m: N® — C < N°* by projection. Clearly = € End,.(N¥).
We can realize m as a matrix A = (a;;) € Myxs(Endg(N)). Then a;ng + aone + ... +
a;sns =0 for all 1 < < s since m(Rz) = 0. Therefore a;; = 0 for all 1 <4, 5 < s because
ni,...,ns are linearly independent over Endg(N). We get A =0, 7 =0 and C' = 0, so
N*® = Rx. The claim follows. O]

Corollary V.15 (Burnside theorem — coordinate form). Let k = k a field, V a finite-
dimensional k-vector space and A C Endg(V') a subalgebra such that V' is an irreducible

A-module. Then A = Endg(V).

Proof. We have End,(V) = k by SCHUR’S LEMMA. Now ®: A — Endgaa,v)(V) =
Endy (V) is surjective by the Theorem V.14, hence an isomorphism. O

Corollary V.16 (Burnside theorem — coordinate free). Let k = k and A C M, x,(k) be
a subalgebra such that k™ is irreducible as an A-module. Then A = M, (k).

Corollary V.17. Let k = k, A be a k-algebra and M a finite-dimensional A-module.
Then the following are equivalent:

1) M is an irreducible A-module.
2) ®: A — Endgna, ) (M) is surjective.
Proof.

1) = 2): By SCHUR’S LEMMA we have End4 (M) = k, and by the JACOBSON DENSITY
THEOREM II & is surjective.
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2) = 1): Let 0 # m € M. For all m" € M we have an ¢ € Endy(M) such that
w(m) = m’. Since ® is surjective there exists an a € A with ®(a) = ¢. Now
m’' = ¢(m) = am, and M is irreducible. O

Corollary V.18. Let k = k, A be a k-algebra and M a finite-dimensional irreducible
A-module. Then (dimy, M)? < dimy, A.

Proof. This follows from the surjectivity of A — Endgna, (M) = Endg (M) (using
Corollary V.17) because of dimy End(M) = (dimy M)2. O

[November 15, 2018]
[November 19, 2018]

Lemma V.19. Let R; (1 <i<mn) be rings (with 1) and R:= Ry X --- x R,,. Let 1; be
the unit in R; C R (i.e. (1;); = 0;;). Let M be an R-module. Then we have:

1) 1=37",1; is the unit in R.
2) 1;M is an R;-module via restriction of the R-module structure.

3) M =3%",1;M as R-modules where R acts on the right-hand side by

n n
(riy.. 7). Zmz- = Zrimi.
‘ i=1

=1

Moreover the sum is direct.

=1

5) If M; is an R;-module for 1 <i <n then @}, M; is an R-module via
(ri, .oy rn).(ma, ... ymy) = (rima, ..., ramy).

6) M is irreducible if and only if M = 1;M for some (unique) 1 <i <n and 1;M is
irreducible as an R;-module.

7) R is semisimple if and only if each R; (1 < i < n) is semisimple.
Proof. The proof is left to the reader. It is advisable to construct a bijection of sets
Sle2><---><Sn<£>S
where

S; := {R;-submodules of 1M} and S, := {R-submodules of M}. O
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Corollary V.20. Let R be a ring such that
R = Mn1Xn1(Dl) X X Mnrxnr(Dr)

as rings where n; € N and the D; are skew fields. Then R is a semisimple ring. Moreover
we have |Irr(R)| = r.

Proof. We saw that M, «n,(D;) is a simple ring. Thus it is semisimple, and R is
semisimple too.

By Lemma V.9 we have |Irr(M,, «xn,(D;))] = 1 since M, xn,(D;) is simple. Due to
Lemma V.19 6) every irreducible R-module is of the form 1,M for some 1 < i < n
with 1; M is irreducible as an M, x,, (D;)-module (where M,,.«,.(D;) acts by zero). This
implies |Irr(r)| < r. It is now enough to show that 1,M 2 1;M’ as R-modules for
i # j. Assume we have an isomorphism ¢: 1M — 1;M’. For all m € 1,M we get
o(m) = p(1m) = Lip(m) = Li(L;po(m)) = (1;1,)e(m). But 1,1, = 0 as i # j. Therefore
equality holds. |

V.4. Applicatons of the density theorems

Proposition V.21. Let k = k be a field and A and k-algebra. Assume that My, ..., M,
are finite-dimensional pairwise non-isomorphic irreducible A-modules. Then

o: A — P Endy(M,)
i=1
a +— ((my,...,ms)— (amy,...,amy))

18 surjective.

Proof. Clearly ® is well defined since multiplication with a € A is k-linear.
Now let M = @j.; M;. By SCHUR’S LEMMA we have

@EHdA = EIldA(M)

1=

(1, 0s) — @ (my,....,mg) — (p1(m1),...,ps(my)).

and since k is algebraically closed one has End,(M;) = k by Aidy, < A. Thus
Ends(M) = k* as rings where (Aq,..., ) acts on M = @;_,; M; by multiplication.
By Corollary V.13 (since M; and then M are finite-dimensional) we get a surjective
map ®: A — Endgna,r)(M). But as Ends(M) = k° and k* = [, End,(M;) by
Lemma V.19 4) we get & = ®. O

Proposition V.22. Let K be a field and A be a finite-dimensional k-algebra.
1) Any irreducible A-module is finite-dimensional.

2) If k =k then A has only finitely many irreducible A-modules up to isomorphism.

49



V. SEMISIMPLE MODULES AND THE ARTIN-WEDDERBURN THEOREM

Proof.

1) If M is an irreducible A-module then there exists a surjective A-module homorphism
A — M. We have dim;, M < dim; A < oo.

2) Let L; (1 < i < r be pairwise non-isomorphic A-modules. As k = k and the L;
are finite-dimensional by 1) we can apply Proposition V.21 to get a surjection
A — @;_; Endg(L;). But the Endg(L;) are finite-dimensional because the L; are
irreducible. We now have a surjection A — @}_, k4™%i. Thus r < dimy, 4, so the
number of irreducible A-modules (up to isomorphism) is less than dimy A. O

Definition. Let R be a ring (not necessarily with 1). Then R°P denotes the opposite
ring (i.e. R°? = R as abelian groups but with multiplication a o, b = ba.
Facts.
1) R is unitary iff R°P is unitary.
2) (R®)* =R
3) R® = R iff R is commutative.
)

4) D is a skew field iff D°P is a skew field.

S op S
) (H Ri> = [[ Ri* for rings R; (1 <i <s).
i=1 i=1
Lemma V.23. Let D be a skew field and and n € N. Then

a: Myun(D) —  (Mpuxn(DP))P
A — AT

is an isomorphism of rings.

Froof. ((AB))i; = ((AB)");; = Xn: @k bri
(Q(A)”CY(B))U = (AT Cop BT) BTAT Z bkz Oop Ajk = Zn: ajk:bk:i

Lemma V.24. Let R be a ring with 1. Then
®: Endgr(R) = R

ro— (r—r'r)
fQ1) «— f.

Proof. Obviously, ® is well-defined, has an inverse and is additive. We have to show that
® is multiplicative.

D(r ogp 5)() = B(s7r)(2) = w(sr) = (r)(ws) = ((r) o B(s)())(x) B
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Observation. Let D be a skew field. By SCHUR’S LEMMA Endy,, .., (p)(D™) (D" is an
irreducible module) is again a skew field. We want to study the connections between the
two.

Special cases:

n=1: Endp(D) = D°P.
D = k: We get Endu,, ., k) (") = k by Aidwm,,,,. k) < A because
EndMan(k)(k") = {f € Endk(k”) ‘ VB e Mnxn(k) : AfB = BAf}
= {A € M,x,(k) | VB € Myxn(k) : AB = BA}
= Z(Mxn(k)) = E.
Lemma V.25. Let D be a skew field and n € N. Then
¢: D — Endy,,,n)(D")
T l'ld
d —> Spd: —
Tn Tnd
is an isomorphism of rings.

Proof. Let m;: D™ — D be the projection onto the i-th component. ® is well-defined as
we have

T (X arews)d iy ari(zid) Ty
pa| A : = : = : = Apq| | :
Tn (Zznzl CLm-:U,-)d PO ani(xid) In
Clearly, @ is additive. We show that it is multiplicative.
I I T1dady T
(dy oop da) : = ®(dady) : = : = (¢d, © Pd,)
Ty T, T, dod; T
T
= (®(d1) o ©(d2))
wn

For injectivity assume that ®(d;) = ®(dz). We get dy = m;(pq,(€;)) = mi(@a,(€i)) = do.
For surjectivity let f € Endwm,,, p)(D"). Then f is D-linear with D C M, (D) via
d— diag(d,...,d). Let d; := w(f(e;)). Then f(e;) = f(Eije; = d;e;. Now we get

il n n xzdz
/ : = Z f(zie;) = sz‘eidi = :
Ty =1 =1 xndn
But for all Z,j we have dz = ’/Tl(f(el)) = Wi(f(Eijej)) = ’/TZ'(Eijf(ej)) = ’/Ti(Eijejdj) = dj.
Thus f = &(d) withd =dy = ... = d,. O
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Theorem V.26 (Artin-Wedderburn theorem). Let R be a semisimple ring with 1. Then
there is an isomorphism of rings

R = Mn1><n1 (Dl) X X Mﬂr><”r<Dr)

for some n; € N, r € N and some skew fields D; (1 < i < r). Moreover the
(n1,D1),...,(n., D) are unique up to permutation and isomorphism of skew fields.

Corollary V.27. Let R be a semisimple ring. Then R°P is semisimple.

Proof. This follows from the ARTIN-WEDDERBURN THEOREM, Corollary V.20 and

Lemma V.23. [
Corollary V.28. Let A be a finite-dimensional semisimple k-algebra with k = k. Then
there exists an isomorphism of k-algebras A = My, xn, (k) X ... X My, «n, (k) for some
n;, v € N.

Proof. By the ARTIN-WEDDERBURN THEOREM we have A = M, «n, (Dy) X -+ X
M., xn, (D;) as rings and also as k-algebras (we will show this in the proof) for some skew
fields D; and n;,r € N. It is finite-dimensional since A is finite-dimensional. Now k = k
implies D; =k forall 1 <i <r. ]

Corollary V.29. Let A be a finite-dimensional semisimple k-algebra with k = k. Then
A has finitely many pairwise non-isomorphic left ideals I, ..., I, and A = My, xn, (1) X
oo X My, s, (1)

[November 19, 2018]
[November 22, 2018]

Proof of the ARTIN-WEDDERBURN THEOREM.

Existence: As R is semisimple there exists a finite set I and irreducible R-modules
L (i € I) such that R = @,c; L; by Proposition V.11. We group isomorphic
summands and get R = L™ @ ... @ L™ for irreducible pairwise non-isomorphic
R-modules L; and n; € N (isotypic decomposition).

By SCHUR’S LEMMA Endg(L;) is a skew field. We set D; := Endg(L;)°?. Using
Endg(L{™) = My, n, (Endg(Li)) =2 My,xn,(DP) (as rings), Lemma V.23 and
Lemma V.24 we get
R (R) 2 (Endp(R))™
= (Endp(L{™ & ... & L?"T))Op
n1Xny (Dfp) X X Mnrxnr(D?p))op
nyXny (D?p))op X X (Mannr(D(‘)p»OP

7

= Muyysen, (D1) X -+ X My s, (Dy) (1)

= =

as rings.
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Uniqueness: Assume
R = My xm (C1) X -+ X Mg, (Cs) (2)

for some skew fields C; and m;, s € N. By Corollary V.20 we have r = |Irr(R)| = s
and D; = Endg(L;)°? (see above) where Irr(R) = {Ly,...,L,}. Now consider
(2). The irreducible modules are exactly the irreducible M,,,, xm, (C;)-modules C;™
viewed as modules for (1) (use Irr(M,,,xm, (Ci)) = C™). But due to Lemma V.25
we have Endy,, . (c;)(C") = C7°. Thus there exists a permutation o € S, such
that D; = C,(;) and also n; = my(;) since the dimensions of the irreducible modules
agree. O

Hence we proved: If R L™ @ ... ® L®™ with irreducible pairwise non-isomorphic
R-modules L; then |Irr(R)| = r and

R 2 My, s, (Endg(L1)%P) % - - % My sen, (Endp(L,)°).

Remark. If R is also a finite-dimensional k-algebra then Endg(L;) is a divison algebra.
All involved isomorphisms are linear, hence we get an algebra homomorphism.

Proof of Corollary V.29. As A is semisimple there exists an isomorphism p: A = L™ @
... @ L™ where the L; are irreducible pairwise non-isomorphic A-modules (r is finite
since A is finite-dimensional). Then ¢~!(L;) C A is an A-submodule, hence a left ideal
I; of A and I is minimal, since L; is irreducible. The I; are pairwise non-isomorphic
as the L; are so. Moreover these must be all minimal ideals (up to isomorphism) since
A=@,_, I’™ and by the ARTIN-WEDDERBURN THEOREM A has precisely 7 irreducible
representations (up to isomorphism). ]

Corollary V.30. Let R be a simple ring. Then R = M,y (D) as rings for some unique
n € N and (up to isomorphism) unique skew field D.

Proof. As R is simple it is semisimple and |Irr(R)| = 1. Then we apply the ARTIN-
WEDDERBURN THEOREM. [l

V.5. Application: Brauer groups

Definition. A k-algebra is central-simple if it is a finite-dimensional simple algebra and

Z(A) = k.

Examples. Consider A =k or A = M,,»,(k).

Lemma V.31. Let A, B be finite-dimensional k-algebras. Then Z(A)RZ(B) = Z(A® B)
(as subsets of AQ B).

Proof.

“C” (Clear.
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“D” Let z € Z(A® B). We write z = > | a; ® b; where a; € A, b; € B and the b; are
linearly independent. For all a € A we have

az=Y aq;®b;=(a®1)z=2(a®1)=> aa®b
i=1 =1

and aa; = a;a for all 1 < i < n since the b; are linearly independent. This implies

a; € Z(A) for all 1 < i <n, and similarly b; € Z(B) for all 1 <i < n. Therefore

Lemma V.32. Let A and B be central-simple algebras. Then A ® B is central-simple.

Proof. 1t is clear that A ® B is finite dimensional. We have Z(A ® B) = Z(A) ® Z(B) =
k ® k = k. We still have to show that A ® B is a simple algebra. It is enough to show
that A ® B is “simple” (i.e. 0 and A ® B are the only two-sided ideals).

Now let 0 # I C A ® B be a two-sided ideal. We want to show that I = A® B. Any
0 # u € I can be written as u = > ; a; ® b; where a; € A, b; € B and the b; are linearly
independent. We pick u with a minimal such representation (with respect to n). Now
a; # 0 for all 1 <7 <nand Aa; A = A because A is simple and therefore “simple”. Hence
there exist ¢, € A with ca; = 1. Let 2 := (¢® 1)a(d ® 1) = X ca;d ® b and we
have 1 =1®b; + a5 ® by + ... + a,, ® b, for some a; € A. Note that x # 0 since the b,
are linearly independent. We get

(a@ 1)z —z(a®1) = (aay — aya) @by + ... + (aa, — a,a) @b, =0

by assumption for all a € A. Thus aa, — a,a = 0 for all 2 < i < n since the b; are linearly
independent and a] € Z(A) = k since A is central simple. Now we can write z = 1 ® b for
some b € B (b# 0 as x # 0). We have BbB = B since B is simple and hence “simple”.
This implies I 2 (1® B)z(l1® B)=1®@ Band I O (A®1)(1® B) = A® B. Therefore
we get | = AR B. n

Definition. Let A and B be central-simple algebras. We call A and B Brauer equivalent
(A~ B)if A= M,yn(D) and B = M,,xm(C) with C' = D as skew fields.

Definition. The Brauer group Br(k) (k a field) has the equivalence classes of ~ as
elements. The composition is given by [A] o [B] = [A ® B]. The neutral element is [k],
and the inverse of [A] is [A°P].

Proof that Br(k) is indeed a group. By Lemma V.32 A® B is again central-simple, hence
[A] o [B] = [A® BJ is defined. The reader may check that [A] o [B] is independent of the
choice of the representants.

The composition is commutative (A ® B = B ® A). Thus Br(k) is abelian.

k is the neutral element, since [A ® k] = [A].

For the inverse we use the folowing claim: For any finite-dimensional central-simple
algebra A with n = dim; A we have an isomorphism

v A® AP = Endg(A)

a®b — (r~— axd).
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We check that v is injective. Obviously v # 0. ker~y is a two-sided ideal (the calculation
is left to the reader). But A and A°? and hence A® AP are central-simple, thus ker ¢ = 0.
As dimy (A ® A°) = dim(Endy(A)) we get that «y is indeed bijective. O

Examples. Let k be an algebraically closed field. By the ARTIN-WEDDERBURN
THEOREM we get Br(k) = {[k]}.
Without going into detail one has Br(R) = {[R], [H]} = Z/2z.

[November 22, 2018]
[November 26, 2018]

VI. The double centralizer theorem
Definition. Let k be a field, W a k-vector space and S C End (W) a subset. Then
S":={peEndy(W)|VseS:pos=sogp}

is the commutant or centralizer of S in Endy(WW). We abbreviate (S’)" = S” and so on.

1) " C Endg (W) is a subalgebra.

2) Let T'C S C Endg (W) be subsets. Then S’ C T".
) SCT'=TCgS.

4) S C S
)
)

5) S =95".

6) S=T"<T=9
Proof.
1), 2) Clear

SCT' &VseS:VteT: :st=tseVteT :Vse Sst=ts<T C 5.

5

)
)

4) §'C S =S5CS".
) S"C(9)"=58"and S C S” implies (5”) C 5.
)

6) S=T' =85 =(T)Y=T=T=25. 0
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Remark. Let V be an A-module (A a k-algebra) and also a B-module (B a k-algebra).
If the actions of A and B commute (i.e. ab = ba for all @ € A,b € B) where a € and
b € B denote the corresponding action in End4 (V') then V' is an A ® B-module given by
a®b.v = abv = bav for all v € V. The reader may check the details.

Lemma VI.1. Let A and B be k-algebras (k any field), M an A-module and N a B-
module. Then M & N is an A ® B-module via a ® b.m @ n = am ® bn for all m € M
andn € N.

Proof. One could do explicit calculations, but we will give a better proof. M being an
A-modue means a choice of an algebra homomorphism ¢: A — Endg(M). Similarly we
get an algebra homomorphism ¢ : B — Endy(N). Then consider

A® B 2% End, (M) @ End,(N)

Tl 12

End, (M ® N). -

Example. Let G and H be groups with representations M and N over a fixed field k,
respectively. Note that

KGokH = kG H)
gh — (g,h)

as algebras. M ® N is an kG ® kH-module and hence a representation of G ® H.

Theorem VI.2 (Double centralizer theorem). Let k be a field and W a finite-dimensional
k-vector space. Let A C Endy(W) be a subalgebra. Then the following holds:

1) A’ is a semisimple algebra (a subalgebra of End,(W)).
2) A" = A.

Now let k be algebraically closed.
3) There is a decomposition of A ® A’-modules

> W2PL oL

i=1

(isomorphism as A ® A’-modules) such that Ly, ..., L, are pairwise non-isomorphic
irreducible A-modules and LY, ..., L are pairwise non-isomorphic irreducible A’-
modules.

4) The Ly,...,L, and L),..., L. are precisely the irreducible A-modules and A’-
modules up to isomorphism. Hence in particular [Irr(A)| = |Trr(A”)].
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Y

Remark. More generally if k is an arbitrary field we can replace ® by ®': W =
", L; ®p, L for division algebras D; := End4(L;). Moreover this isomorphism is the
isotypic decomposition for W as an A-module, but also as an A’-module.

Remark. Let A be a k-algebra, M an A-module and N a k-vector space. Then
Lemma VI.1 gives an A-module structure on M ® N (A-modules are A ® k-modules), the
multiplicity space. Note that M @ N = M DdimN 55 A-modules if N is finite-dimensional.
To see this choose bases {m;} of M and {n;} of N and send m; ® n; to 6;m;.

Proof of the DOUBLE CENTRALIZER THEOREM. As A is a semisimple algebra any A-
module is semisimple. We get

W@ L )
1=1

for some n;, s € N and pairwise non-isomorphic irreducible A-modules L;.

1. s =|Irr(A)|.

By the ARTIN-WEDDERBURN THEOREM we have A = [['_; R; for some m € N
and R; = M,,,«m,(C;) where C; is a division algebra and the (m;, C;) are unique
up to permutation and isomorphism of division algebras. Then |Irr(A)| = m and
so s < m (by definition of s). Since A C Endy(W) is a subalgebra with have that
1,W # 0 for any 1 < i < s (1; is the unit in R;). Therefore 1,1V contains an
irreducible R;-module. For any irreducible R;-module U; (1 < i < s) there is an

R-submodule in W which is isomorphic to U; as an R;-module. Thus s = m and
[rr(A)| = s.

2. A’ is a semisimple algebra and |Irr(A")| = |Irr(A)].

Using the ARTIN-WEDDERBURN THEOREM, SCHUR’S LEMMA and (*) we get an
isomorphism of algebras

A" ={b € Endp(W) |Va € A: ba = ab} = Ends(W)

s S
=1

i=1

where D; := End4(L;) are division algebras. By Corollary V.20 A’ is semisimple
and [Trr(A")| = |Trr(A)].

3. If U C W is an irreducible A-module, then Hom 4 (U, W) is an irreducible A’-module
with action given by (8.f)(u) = B(f(u)) for f € Homu(U, W), f € A" and u € U.

This action is well-defined as we have
(B.f)-(au) = B(f(au)) = Blaf(u)) = aB(f(u)) = a(B.f)(w).
For irreducibility it is enough to show that for any nonzero fi, fo € Hom (U, W)

there exists a § € A’ such that §.f; = fo. For 0 # u € U set v; := fi(u) and

o7
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vg := fo(u). Since W is semisimple we get W = Av; & C for some A-module C.
Now define

S:W=AnaeC — W
avy +=— V2
c — c
This is obviously k- and A-linear, hence § € A’. Now (5.f1)(u) = 5(fi(m)) = vy =

fa(u) and thus fi(au) = fo(au) for all a € A because § and f; are A-linear. As U
is irreducible we get 5f, = fo.

4. L) = Homa(L;, W) is an irreducible A’-module by 3.. Since L; is a left D;-module,
L’ is a right D;-module and hence a left D;’-module. Therefore L; ® pev Lj makes
sense.

5. Li®@per Lj is an A® A'-module via (a®b).(m®n) = am®bn for allm € M, n € N,
a€Aand be A

If k is algebraically closed then D; = k = D{® and it is clear by Lemma VI.1. For
the general case we have to check that the action is well-defined. Let ¢ € D;®,
feLl,ac Aand be A'. On the one hand, we have

(2

(@a@b)(rp® f) = (a @ b)(p(r) @ [) = ap(x) @ bf,
on the other hand,

(@@b)(z®¢f) = (a@b)(ze (fop)) = (ax @ (fop)) = ar @ (bf)(¥)
=ar @ @.(bf) = ax @ @bf = p(ar) @bf = ap(r) @ bf.

6. The map
(I)i:Li®D?pL/i — W
z®@f = f(v)

is an A-module homomorphism (since ®;(az ® f) = f(ax) = af(zx) = a®;(z @ f).
By SCHUR’S LEMMA we have im ®; C Isor, (W). We claim im ®; = Isor, (V).

Let fi,..., fs be a basis of Homa(;, W) = @:_, LY. Then

if f; is contained in the i-th copy

f(l') . xz = (07 o e 707 x? 07 e 70> of L{L = @:l;l HomA(Li,Li), 6 L@nl
0 otherwise. ‘

7. ®; is injective and we get an isomorphism

CI):@CI)Z @LZ(@D?PL; — W
=1 i=1

z; ® fi — filzi)
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and moreover ®; and ® are A ® A’-module homomorphisms.

First, assume that k is algebraically closed. Then by 6. ®; is surjective and we
have
dim(L; ® L}) = (dim L;) (dim L}) = dim L™
ni Isor, (W)
(3 SOLi

Thus ®; and then ® is bijective.
Now let k be arbitrary. By 3. L, is an irreducible A’-module on M, «,, (D;) (see 2.

acts non-trivially. We get L} = D" as M, «xn,(D;)-modules. In particular one has
L; ®per D} 2= L™ and we get dim(L; @ per D} = n; dim L; = dim Isor, (W).

We still have to show that ® is an homomorphism of A ® A’-modules. It suffices to
show that the ®; are A ® A’-module homomorphisms. Let x; € L;, f; € L}, a € A
and b € A’. Then

Pi(a.(r; ® f;)) = ®i(ax; @ fi) = filax;) = afi(z;) = a.Pi(7; @ f;)
= ®(b.(7; ® fi)) = ®(x; @bfi) = (bfi)(w:) = b.fi(z;)
=b.o(x; ® fi).

A=A

It is clear that A C A”. As A is semisimple we have A = [I7_; M. xm,; (C;) by
the ARTIN-WEDDERBURN THEOREM for some division algebras C;, n; € N and
r=|Irr(A)|. Also W = @7, L;" and we get L; = C;™ after renumbering. Now

j=1 J

)(szi) = Endy e (Ci") = C7P.

mi Xmg

By 2. one has

s

A= H Mnixni (Dz) = H Mnlxm(cz)p)
=1

i=1
We can now apply the same argument for A’ instead of A and get
A" 2= [T Mg, ((C7F)) and W = (L))"
=1 j=1

as A-modules. But by 7. we have

S S

WL, @ per L=PCM @c, L, = P(L)™

=1 =1 =1

and therefore a; = m; for all 1 <1i < s. Therefore A = A”, which implies A = A”
as they are finite-dimensional and A C A”. O

[November 26, 2018]

[November 29, 2018]
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Corollary VI.3. Let G and H be finite groups and k an algebraically closed field with
chark 1 |G| - |H|. Then for any two irreducible finite-dimensional representations V
of G and W of H we have an irreducible representation V@ W of G x H given by
(9,h)(v®@w) = gv® hw. Every irreducible finite-dimensional representation of G X H is
of this form.

Proof. Consider the algebra homomorphisms kG — Endg(V') and kH — End,(W). As
V and W are irreducible and finite-dimensional they are surjective. Now

kG @ kH — Endi(V) ® Endg (W)
12 I
k(G x H) —— Endi(V @ W).

Thus V ® W is an irreducible representation of G ® H.
The converse (to be shown using the DOUBLE CENTRALIZER THEOREM) is left to the
reader. O]

Motivation and applications of the next result

Let k = C, V = C? and vy, v, the standard basis. Consider two actions on V ® V:

e Let G = GL(V) = GLy(C) act on V in a natural way. Consider the action on
VeVbygew) =gv®gw for g € Gand v,w € V. This yields a group
homomorphism

a: GL(V) — GL(V®V)CEndy(VeV)
g — a(g):vew— gv® guw.

Let (GL((v))) be the subalgebra of End,(V ®V generated by im a = im(k GL(V') —

e Define an action of Sy = {e, s} on V®V by s.(v ®@w) = w®wv. Consider the group
homomorphism

B: S, — GL(V®V)CEndy(VaeV).
Let (S5) be the subalg of Endy,(V ® V) generated by im 8 = im(kS; — End(V&V).
Note that for g € GL(V) we have
(a(g) 0 B(s))(v @ w) = a(g(w @v)) = gw @ gv = (B(s) 0 a(g))(v @ w).

and hence ima C (im 8)' = (Sy)" or (GL(V)) C (S,)". One can show that equality holds.
Decompose V ® V' as a representation of Ss.

V@V:C(Ul®U1)@C(UQ@UQ)@C(U1®U2+U2®1}1)@C<U1®U2—U2®U1).
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The first three summands are isomorphic to triv (the 1-dimensional trivial representation)
and the last one is isomorphic to sign (the 1-dimensional sign representation). Therefore
(using multiplicity spaces)

V @V 2 triv @ triv @ triv @ sign = triv® C* @ sign ® C.
Decompose V ® V' as a representation of GL(V'). Consider

52V = (T(U)/(U®w—w®v))2 — V®V/(’U®w—w®v)’

AV = (T(U)/(U®w+w®y))2 = V®V/(v®w+w®v).
One can see
SQV = <U1 X V1, V2 ® U2, V1 Q Vg + Vg ®Ul> and A2V = <1}1 ® Vg — Vs ®Ul>

as representations of GL(V).
We get a decomposition of V@V as a representation of So@GL(V') (or as (Se)@(GL(V))-
modules)
VeV 2 trive S?V @ sign @ A*V.

One can show that S?V and A2V are irreducible representations of GL(V). Then the
above decomposition is the decomposition into isotypic components.

Generalization. Let k be any field, V' a finite-dimensional k-vector space and d € Zxy.
Consider V®¢ as a representation of GL(V) via g(v; ® ... @ vg) = gv; @ ... @ gvg. Let
a: GL(V) — GL(V®?) C End,,(V®?) and (GL(v)) be the subalgebra generated by im c.
V@4 becomes a representation of Sy via o(v; ®. .. ®vy) = Vo-1(1) ® ... ®Vy-1(q). Consider
the group homomorphism 3: S; — GL(V®4) C End;(V®?) and the subalgebra (S;)
generated by im 5. For g € GL(V) and o € S; we obtain

(a(g) e B(o))(11 ® ... ®va) = (B(o) 0 afg)) (1 ® ... ® va)
and thus (GL(V)) C (Sy)" and (Sy) C (GL(V))".

Theorem VI.4 (Schur-Weyl duality). Let k be an infinite field, V a finite-dimensional
k-vector space and d € Z>y.

1) Endg, (V) = (GL(V)).

2) If chark = 0 or chark > d we have Endgyo)(V®?) = (Sy).

[November 29, 2018]
[December 3, 2018]
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Remark. Assume that chark = 0 or chark > d. Then it follows from the SCHUR-
WEYL DUALITY that the double commutant property holds, as we have (GL(V))" =

EndGL(V)(V‘@d), = (Sy) = Endg, (V®?) and similarly (Sy)" = (Sy).
Proof.
1) The isomorphism of isomorphism of vector spaces

®: Endy(V)® — End (V)
®...0fi — (u®...0uvgr fi(v) ®... fa(va))

is Sj-equivariant where S; acts on Endy <V®d) by (of)(z) = o(f(c7'x)) with

o€ Sy, reV®and f e Endk(V@’d) and on End,(V)®*? by o(fi® ... ® f4) =
fo11) ® ... ® fo-1(0). To show this take o € Sg. On the one hand,

@(af)(vl ®X...Q ’Ud) = Cb(fa—l(l) ... fa—l(d)>(’01 ®...0 Ud)
= fcr*l(l)(vl) K...Q f(,fl(d)(vd)7

and on the other hand,

(c®(f)) (1 ® ... R vy) :cT((I)(f)(UU( . ® Vo(d) )
= 0(f1 (Vo)) ® ... @ faVo(a ))
= fgfl(l)(vl) R fgfl(d)(vd).

Corollary VI.5. ® induces an isomorphism of k-vector spaces
(Endy(V)* ) =~ (End, <V®d)> = Endg, (V).

Proof. Take invariants for the isomorphism above. O]
Now (GL(V)) C Endg, <V®d) = S/, by definition since the GL(V')- and the Sy-
action commute. The image of the map
F: GL(V) — Aut(V®!) C End, (V") = Endi(V)*
p = ™

S,
is obviously contained in (Endk(V)®d) *. It is now enough to see that the image

of (GL(V)) is the whole of Endj, (V®d) o Endg, (V®d). Now E := End,(V) is a

finite-dimensional vector space and GL(V) C F is a Zariski-dense subset. Then by
S

Lemma VI.6 we get an isomorphism of vector spaces (GL(V)) = (Endk(V)®d) =

Ends, (V®?) via F and ®.
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2) As chark 1 |Sy| = d!, kS, is a semisimple algebra, and A := (S5;) is semisimple
(note that (Sy) is a quotient of £S;). By 1) we get A" = Endg, (V®d) = (GL(V)).
Thus EndGL(V)(V®d) = (GL(V)) = A” = A be the DOUBLE CENTRALIZER
THEOREM. [

Lemma VI.6. Let k be an infinite field, d > 1, E a finite-dimensional vector space and
S,
X C FE a Zariski-dense subset (over k). Then the vector space (E®d) ’ (the vector space

of symmetric tensors) is generated as a vector space by the elements {x®d ‘ T € X} C
(o)™

Proof. Let ej,...,e, be a basis of E. Then B = {e;, ® ... ®e;, | 1 < i; < n}is
a k-basis of E®?. Obviously B is an invariant subset of E®? under Sg-action (by
permuting the factors). Two vectors from B are in the same Sz-orbit if and only if the

number of factors equal to e; agree in the two basis vectors for each i. In particular

every orbit contains a (unique) element of the form e* = e ® ... ® e for some

p=(p1,. .., pn) € Ng with 3500 p1; = d. Let a” := Yes.s, «..xs,, W(€). It is easy to
see that {a" | p € N§, > | 11 = d} forms a basis of (E®d> o
Let Sym := (E®d>sd and U := {I®d ‘ T € X}. We have to show that U = Sym.
“C” Obvious.
“D” It is enough to show that if f: Sym — k is k-linear then f|, = 0 implies f = 0.

To see this, assume U C Sym and pick a basis {u; | i € I} of U and extend it by
u;j (j € J) to a basis of Sym. Then
0 ifsel

f(“S):{l ifseJ

with s € I U J defines a map Sym — k such that f|y =0 but f # 0.
Let now f: Sym — k be k-linear such that f|y = 0. Then f(r®...®z) =0 for
all z € X. Write z = >_"" | z;e;. Then

TQR...Qx =Y i -ahrat.
HENG,
o mi=d

Consider p € Pi(E) defined by
p(Z ?Jz’@) = fla)y - yhm.
=1 HeNG,
Z?:l pi=d
Then in particular

0=fr®...Qx)= Zf(m‘l“-~~xﬁ"a“) = Zf(a“)xﬁ”~-x5" = p(x).

pENT, HENG,

Z::l pi=d Z?:l pi=d
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Therefore p(z) = 0 for all x € X, and p = 0 (as an element in Py (E)). This implies
f(a*) =0 for all p € Nj with > | p1; = d. Thus f = 0 since the a* form a basis of
Sym. m

Corollary VI.7. Let k be a field of char = 0 (in particular |k| = o0). Let V be a
finite-dimensional k-vector space and d € N. Then V®? is a representation of Sy x GL(V)
and we have a decomposition of representations of Sq x GL(V)

Vel = (B S\L(N)
AEA

where Sy are the pariwise non-isomorphic representations of Sq and the L(X\) are the

pariwise non-isomorphic representations of GL(V') for some labelling set A. If dimV > d
then {Sx | A € A} = Irr(Sy).

Proof. The DOUBLE CENTRALIZER THEOREM and the SCHUR-WEYL DUALITY imply
all statements except of the last one by applying Lemma VI.8 to kS; — (S;) and
kGL(V) — (GL(V)).

For the last statement assume dim; V' > d. Then we can pick a basis e1,...,¢e, of V
(n > d). Then

B:kSs — Endy (V)
g (vl X ... Vg — Vg—1(1) ®...Q Ugfl(d))

is injective since the action of 3° cg, agg € kSzon e;®...®eq is given by >- g, ageq-1(1)®
...€4-1(g) and the summands are linearly independent. Thus kS; C End,(V®?) is a
subalgebra. Hence the assumptions of the DOUBLE CENTRALIZER THEOREM hold for
A =FkSy and we get {S\ | A € A} = Irr(Sy) (Specht modules). O

Lemma VI.8. Let v: A — B be a surjective algebra homomorphisms over a field k. If
M is an irreducible B-module then it is also an irreducible A-module by pulling back the
action via .

Proof. If M has no proper B-submodule then it has also no proper A-submodule because
v is surjective. [
Problem. We want to describe the labelling set of irreducible representations of Sy
(up to isomorphism)
Definition. Let k£ be a field and A a k-algebra.

o [A,A]:==({ab—ba]|a,be A}) C A.

e If V is a finite-dimensional A-module then its character xy is defined as

XV:A — l{?

a — Tr(m,)

where m,: V — Vv — av.
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Theorem VI1.9. Let k be an algebraically closed field and A a k-algebra.

1) IfV; (i € 1) are pairwise non-isomorphic finite-dimensional irreducible A-modules
then xv;: A — k (i € I) define linearly independent elements in (4/14,4])".

2) If A is a finite-dimensional semisimple algebra then the characters xy forV € Irr(A)
form a basis of (A/14,4])".

A special case is

Theorem VI1.10. Let k be an algebraically closed field with chark = 0 and G a finite
group.

o |lrr(kG)| is the number of conjugacy classes of G.
o |Iir(kG)| = dim Z(kG).

Consider the special special case G = S;. Then g, h € S; are in the same conjugacy
class iff g and A have the same cycle type. Hence

{cycle types of Sy} - {partitions of d} «2— Irr(S,).
Proof of Theorem VI.9.

1) If V is a finite-dimensional irreducible A-module then xy (ab — ba) = Tr(mw,m, —
mm,) = 0. Therefore xy factors through [A, A] and xy induces an element in

(4/1.4)".
Let > ;e Avixy, = 0 with J C [ finite. By Proposition V.21
A — > Endy(V;)
ieJ
a = ((vi)ies = (avi)ies)

is surjective. In particular the identity 1, € Endy(V;) has a preimage a; € A for all

7 € J. Hence
0=> Avxv(a;) = Ay, dimV;
ieJ —
£0
and thereore Ay, = 0 for all j € J.
2) Left to the reader. O

[December 3, 2018]
[December 6, 2018]
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Algebraic groups

Motivation. If GG is a finite group then G is a subgroup of some permutation group
Sn (e.g. n=|G|). We want to generalize this by replacing S,, with GL,(R) and finite
groups by compact subgroups of GL,(R) C R™.

VII. Linear algebraic groups and affine algebraic
groups

Fact. Let K C GL,(R) be a compact subgroup. Then there exist fi,...,fs €
k[X11, ..., Xun such that K = {A € GL,(R) | V1 <i <s: f;(A) = 0}.
For example O, (R) = {4 € GL,(R) | ATA=1= AAT}.

Warning: The converse is not true, e.g.

SLy(R) = {A € GLy(R) | det A =1} = {(‘CL b) € GLy(R)

ad—bc—1:0}.

Convention. From now on, let k£ be an algebraically closed field.

Definition. A linear algebraic group G (over k) is a subgroup of GL, (k) which is the
common zero set of a set M of polynomials in k[ X1y, ..., X,,], i.e.

G ={A€GL,(k) |Vf € M : f(A) =0}

Examples.

1) GL,(k) is the zero set of the zero polynomial.

) G
2) SL, (k) = {A € GL,(k) | det(A) — 1 =0}.
3) Finite subgroups of GL,, (k).

)

4) Diagonal matrices in GL,(k), as we can write them as {A € GL,(k) | V1 < i #
] S n: B]( ) = O} Wlth sz(Xll; Ce 7Xnn) = XZ]

5) Uper triangular matrices in GL, (k). More generally standard parabolic subgroups.
6) The orthogonal group O, (k) = {A € GL, (k) | AT =1, = AAT}.

7) Symplectic groups

Spy, = {A € GLyn(k) | ATJA=J} with J= (_% %) .
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VII. LINEAR ALGEBRAIC GROUPS AND AFFINE ALGEBRAIC GROUPS

8) Intersections of linear algebraic groups are again linear algebraic.

We now want for instance that GL; (k) = k* is isomorphic to

)

Definition. An affine algebraic group (over k) is an affine algebraic variety (G, k[G])
(over k) together with a group structure such that

ac k} C GLy(k).

w:GxG—G inv: G —» G
(9,h) — gh g9

are morphisms of affine algebraic varieties.

Definition. An affine algebraic variety (over k) is a pair (X, k[X]) where

e X is a set and

e k[X], the algebra of reqular functions, is a finitely generated subalgebra of Maps(X, k)
such that

¢: X — Homay(k[X], k)

T — ev,

is bijective. Here, “subalgebra” means a subalgebra with 1, elements in Hom . (k[X], k)
send 1 to 1, and ev, is the evaluation at x.

Examples.

1) Consider X = k"™ and k[X] := k[Xi,...,X,] identified with the subalgebra
Pr(k™) C Maps(k™, k). We want to show that (X,k[X]) is an affine variety,
the affine space of dimension n.

Proof. Obviously k[X] is finitely generated. The map
®: X — Hompy(k[Xy,...,X,], k)
Yy — evy
is a bijection by HILBERT’S NULLSTELLENSATZ as we have

{points in X = k"} «*1s {maximal ideals in k[X1, ..., X,]}

,3[1 i1 k:EIl 01

algebra homomorphisms 1:1 kernels of algebra homomorphisms
{ k[ X1,....Xn]—k } { k[ X1,....Xn]—k

with 3 given by y — evy,. 0
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VII. LINEAR ALGEBRAIC GROUPS AND AFFINE ALGEBRAIC GROUPS

2) X = pt and k[X] = Maps(X, k) = Maps(pt, k) = k. Obviously k is a finitely
generated subalgebra of k = Maps(pt, k) and ®: pt — Homa(k[X], k) is a
bijection.

3) X afinite set and k[X] = Maps(X, k). Then (X, k[X]) is an affine algebraic variety.

4) Let (X, k[X]) be an affine algebraic variety. Consider a subset M C k[X] and
define the vanishing set of M by

VM) ={xze X |VfeM: f(x)=0}

and set k[V(M)] = k[X]|vr). We want to show that (V(M), k[V(M)]) is an affine
algebraic variety.

Proof. We have a restriction map res: k[X] — k[V(M)] which is obviously an
surjective algebra homomorphism by definition. By assumption k[X] is finitely
generated, and thus its quotient k[V(M)] is a finitely generated subalgebra.

It is left to show that
O: V(M) — Hompy(K[V(M))], k)
T o evy,
is bijective.
If f: k[V(M)] — k is an algebra homomorphism then

RIX] —= kV(M)]

defines an algebra homomorphism f = f o res. In particular we have f = ev, for

some z € X because (X, k[X]) is an affine algebraic variety.

For injectivity let z,y € V(M) with ev, = ev,: k[V(M)] — k. Then ev, = ev,. But

ev, must be ev,: k[X] — k, and the same holds for ev,. Thus ev, = ev,: k[X] — k,

and as ® is bijective, we get x = y.

For surjectivity let h € Homay(k[V(M)], k). Define h := hores, and we have

h = ev, for some x € X.

x € V(M): For f € k[V(M)] pick f" € k[X] such that f'|yay = f. Then ev,(f) =
f(z) and h(f) = h(res(f)) = h(f) = ev.(f) = f(z) for all f € kK[V(M)]. Thus
ev, = h.

x ¢ V(M): Then there exists an f € M C k[X] with g(z) # 0 but gy = 0.
Now consider

RIX] == k[V(M)]

[
| K
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VII. LINEAR ALGEBRAIC GROUPS AND AFFINE ALGEBRAIC GROUPS

and we get g — res(g) = 0+ h(0) =0 and g — ev,(g) = g(z) # 0 which is a
contradiction.

Thus any h € Homy,(k[X], k) has a preimage. ]
5) Let (X, k[X]) be an affine algebraic variety and f € k[X]. Define X; := {z €

X | f(z) # 0} and k[X[] == k[X]|x,[f~"] (localisation at f). Then (Xj, k[X}]) is
an affine algebraic variety.

As a consequence every linear algebraic group is an affine algebraic group.
Proposition VII.1. Given a linear algebraic group X = G (over k) we can find some
k[X] such that (X, k[X]) is an affine algebraic variety.

Proof. Consider Y = k™ = M., (k). Now (Y, k[Y]) with k[Y] = k[X11,..., X,,] and
GL, (k) C Y with k[GL, (k)] = k[Xqe| are affine algebraic varieties. Thus (V(M) =
G, k[V(M)] = Ek[G]) is an affine algebraic variety. O

Definition. Let (X, k[X]) and (Y, k[Y]) be affine algebraic varieties. A morphism (of
affine algebraic varieties) from (X, k[X]) to (Y,k[Y]) is a map f: X — Y such that
f*: k[Y] — k[X] where
frk[Y] € Maps(Y, k) — Maps(X, k)
h +— hof.

If im f* C k[X] we also write f%. Hence a morphism is a pair (f, f*).

Warning. Consider k£ =, and the Frobenius map Fr: k& — k. Then Fr is a morphism
(k, k[k]) which is bijective, but not an isomorphism.

[December 6, 2018]
[December 10, 2018]

Lemma VIIL.2. There is a bijection

algebraic varietie
I (gf,kﬁx])—](ﬂxtk[xs/]) k[Y]—k[X]
(pg: X =Y,0))  «— g

{ morphisms of affine } 1:1 {algebm homomorphisms}
>

where py(x) € Y for x € X such that

kY] —— Ek[X]
evtpg(z)\\\u Jevw
k

commutes. The bijection is compatible with composition and the identities are mapped to
each other.
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VII. LINEAR ALGEBRAIC GROUPS AND AFFINE ALGEBRAIC GROUPS

Notation. We denote

Homya(X,Y) = {f: (X, k[X]) — (¥, k[V])

f is a morphism of
affine algebraic varieties [ *

Remark. Behind Lemma VII.2 is an equivalence of categories

affine algebraic varieties 1:1 finitely generated k-algebras
over k with morphisms without nilpotent elements

(X, k[X]) = K[X]
(f,fH = [=r
identifying Homvy,, (X, Y') with Homa(k[Y], k[X]).
Proof of Lemma VII.2. We show that the maps are inverse to each other.

(f, /%) = f#— op: Let h € k[Y] and z € X. Then we have
eVyi(e)(h) = evy of*(h) = ev, of *(h) = evy(ho f) = (ho f)(x) = eV (h)

which yields evy, ;@) = evy(z) and @pi(x) = f(x) as (Y, k[Y]) is an affine algebraic
variety. Thus f% = f.

g g ¢y Let h € K[Y] and v € X. We get

pg(h)(x) = (hogg)(x) = evyy@)(h) = eva(g(h)) = g(h)(x) = py(h) = g(h)

and therefore ¢} = g (in particular also ¢}: k[Y] — k[X], so ¢} = ¢? and the
inverse map is well-defined).

The compatibility with composition and identity maps is obvious. O]

Theorem VII.3. Every affine algebraic variety is isomorphic to some (V(M), k[V(M)])
where M C k[Ty,...,T,].

Proof. Let (X, k[X]) be an affine algebraic variety. Then k[X] is a finitely generated

commutative k-algebra. Let aq,...,a, be generators. Then there exists a surjective
algebra homomorphism =: k[T}, ..., T,] sending T; to a;. Now define
fr X — K

r — (n(Ty)(x),...,7(T,)(x)).

We get f* = m (with k[k"] = k[T, ...,T,]) as we have f*(T;)(z) = T;(f(x)) = n(T;)(x) =
for all z € X and 1 <17 <n and both f* and 7 are algebra homomorphisms.

Let M = kerw. Hence im f C V(M), as we have o(f(z)) = f*(¢)(x) = 7(p)(z) =
for ¢ € M = kerm and € X. Note that vVkerm = ker7 (since p" € kerm < 7(p")
0 (7(p))" =0 m(p) =0).

0
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We have a surjective algebra homomorphism
k[Ty,....T,] — Ek[V(M)
o= flvan
with the kernel
IWV(M)) ={f e k[Ty,...,T,] | Yz € V(M) : f(z) =0} = VM = Vkerm = M

using Hilbert’s Nullstellensatz. Hence k[V(M)] = k[T1Tnl/ar = k[T Tofxern, and (f, f7)
defines an isomorphism (X, k[X]|) — (V(M), k[V(M)]) using Lemma VIIL.2. O

Consequence. Let (X, k[X]) be an affine algebraic variety. Via this identification X
is a topological space with the Zariski topology. One can show that this is independent
(up to isomorphism of topological spaces) from the chosen realisation.

Lemma VII.4. Every morphism of affine algebraic varieties is continuous.

Proof. Let f: (X, k[X]) — (Y, k[Y]) be a morphism. We have to show that the preimages
of closed subset are closed. Let Z CY be closed. Then Z = V(N)NY for some subset
of polynomials N. Now

fFUZ)={z e X | flx) e VIN)} = {z € X |Vp e N :p(f(z)) =0}
={zeX|VoeN: f"(p)(zx)=0}={re X |z V(f(N))}
Using f* = f* we get f*(N) C k[X] = k[T, ..., Tu]lvan and thus f~1(2) = V(f*(N)) N
X 1is closed. O

VIII. Products and Hopf algebras

Goal. We are interested in relations between linear algebraic groups and affine algebraic
groups as affine algebraic varieties.

Definition. Let (X, k[X;]) for i € I = {1,2} be affine algebraic varieties. Then let
(XIU[EQ,k[XlUl'Q]) with k[XlUXQ] = {f X1UX2—>]€ |Vl€]f|xz Ek[XZ]}

be the coproduct of (Xi, k[X;1]) and (X, k[X3]) and

(X1 X Xo, k[X; x Xo]) with k[X; x Xo] := <U im(p;‘|k[Xd)> C Maps(X; x Xo, k)
el

the product where p;: X7 x X9 — X, are the canonical projections.

Proposition VIII.1. Let (X;, k[X;]) fori e I ={1,2} be affine algebraic varieties.
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VIII. PrRODUCTS AND HOPF ALGEBRAS

0) The (co)product is an affine algebraic variety and satisfies the following universal
properties for any affine algebraic variety (Z, k[Z)).

1) If f; € Homva, (X5, Z) then there exists a unique h € Homy,, (X1 U Xs, Z) such that

1nc11 inclg

XU Xy +——
\ 3'/
z
commutes.

2) If fi € Homvya, (Z, X;) then there exists a unique h € Homva, (Z, X1 x X3) such that

Xl «71)1 Xl X X2 th XQ
A~
Jh
f1 | f2
YA
commutes.
Proof.

0) Let 1x, € Maps(X; U X, k) be defined by

X\ = 0 otherwise.

Ix,|x, is the unit in k[X;], and 1x,|x, (i # j) is the zero map in k[X}], and we
have 1y, € k[X; U Xs5]. Now 1y, + 1y, =1 € k[X; U X3], where 1 is the unit in
Maps(X; U X, k).

For h € k[X;] define h € Maps(X; U Xy, k) by hlx, = h
1)
2) Left to the reader. O
TO BE CONTINUED

[December 10, 2018]
[December 13, 2018]

TO BE INSERTED

[December 13, 2018]
[December 17, 2018]

TO BE INSERTED

[December 17, 2018]
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IX. LINEARIZATION OF ALGEBRAIC GROUPS

[December 20, 2018]
TO BE INSERTED

[December 20, 2018]
[January 11, 2019]

IX. Linearization of algebraic groups

Definition. Let (G, k[G]) be an affine algebraic group and (X, k[X]) be an affine algebraic
variety. An action of (G, k[G]) on (X, k[X]) is a morphism

a:GxX — X
(9.2) — gz

(we say that G acts on X as affine algebraic varieties) such that e.x = z and (g.h).x =
g.(h.z) for all x € X. We then write G O% X or G O X and call the action algebraic (in
contrast to an ordinary action of a group on a set).

Remark. One can define orbits, fixed points, transitive actions, ...as usual.
Definition. Let G O X and Y, Z C X. Then we define
o Transg(Y,Z):={g9g€ G |Yy €Y : gy € Y}, the transporter from'Y to Z, and

o Cq(Y) :=Nyey Gy where G, := {g € G | g.y = y}, the stabilizer of Y respectively
yey.

Lemma IX.1. Let (X, k[X)), (X", k[X")), (Y, Ek[Y]), Y, k[Y']) be affine algebraic vari-
eties.

1) Foranyy €Y the maps X — X XY,z +— (x,y) and X — Y x X,z (y,x) are
morphisms.

2) If o1: X — X" and p9: Y — Y are morphisms, then

glegOgiXXY — X/XY,,
(z,y) = (p(@), 02(y))

is a morphism.
Proof. Left to the reader. O
Proposition I1X.2. Let G O X and Y, Z C X subsets with Z closed.

1) Transq(Y,Z) C G is closed.
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IX. LINEARIZATION OF ALGEBRAIC GROUPS

2) Ce(Y) C G and G, C G is closed for any y € Y.
3) X¢ CY is closed.
Proof.

1) Let y € Y. The orbit map for y
ay: G — Y
g — 9y
is a morphism, because a, = @ o (g — (g,v)) and the composition of morphisms
is again a morphism. On the other hand Z is closed, so «, Y(Z) is closed, as

morphisms are continuous. We have o, '(Z) = {g € G | gy € Z} and now
Transg(Y, Z) = Nyey @, ' (Z) is closed.

2) G, = Trans¢({y}, {y}) is closed since ponts are closed in X. Therefore C,(Y) =
Nyey (Gy) is also closed.

3) Let g € G and
(p:X — X xX

r — (x,9.x),
which is a morphism. We get X9 ={z € X | gx =z} = ¢ '({(z,2) | v € X}).

Now the “diagonal” {(z,z) | x € X} is closed (since it is a zero set) and ¢ is
continuous, so X9 is closed. Hence X¢ = Ngec X7 is also closed. ]

Corollary IX.3. Let (G, k[G]) be an affine algebraic group, H C G a closed subgroup
and x € G. The normalizer Ng(H) = {g € G | gHg™' C H} of H and the centralizer
Co(z) ={9 € G| gxg™" =z} of x are closed.

Proof. Consider conjugation as the group action on GG. Then Cg(z) = G, and Ng(H) =
Transg(H, H) are closed by Proposition 1X.2. O

Warning. Orbits are in general not closed.

For example, consider G = G,,, = GL(C) © C by multiplication. The orbit of 0 is {0}
(closed), but the orbit of 1 is C \ {0} which is not closed, since closed subsets in C are
finite).

Assume G O% X for g € G consider
Bg: X — X
T g’l.:c

(a morphism since 8, =z — (g,2) — (¢7*

,x) — g~ '.x). Hence we get a comorphism
By k[ X] — Ek[X]

[ fopb,
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IX. LINEARIZATION OF ALGEBRAIC GROUPS

Note 3 (f)(x) = f(g~'x) for all x € X. Moreover £}, = % o B (f) for all g,h € G.
If (X, k[X]) = (G, k[G]) is an affine algebraic group, then we can also consider
V: G — G
T xg

and get a comorphism
kG — K@
f= fony
Note v;(f)(x) = f(zg) for all g,z € G. Moreover 75, = v, o 7;;.

Definition. For any affine algebraic group (G, k[G]) we obtain representations of the
(ordinary) group G on k|G|

A G — GL(E[G))
g = A= Bg
called left translation of functions and

p: G — GL([G)
g = pg =

IX.1. Characterisation of elements in closed subgroups

Lemma IX.4. Let (G, k[G]) be an affine algebraic group, H C G a closed subgroup and
I =1(H). Then H={g9g€ G |p,(I) CI}.

Proof.
“C” Let g€ H and f € I. Then p,(f)(h) = f(hg) =0 for all h € H, so p,(f) € 1.

“C” Let py(I) C I. Then for all f € I we have 0 = p,(f)(e) = f(eg) = f(g),s0 f(g) =0
for all f € I. This implies g € H.

[
MISSING PROOFS, TO BE INSERTED
Proposition IX.5. Let G O* X and F C k[X] a finite-dimensional subspace.

1) There exists a finite-dimensional subspace E C k[X] such that F C E and E is
stable under all left translations of functions (i.e. \y(E) C E for all g € G).

2) F is stable under all left translations if and only if «*(F) C k[G)|@k[X] = k|G x X].
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Corollary IX.6. Let (G, k[G]) be an affine algebraic group. Then every subspace F C
k[G] is contained in a finite-dimensional subspace E C k[G] which is stable under both
left and right translations.

We know that linear algebraic groups are affine algebraic groups.

Theorem IX.7. Let (G, k[G]) be an affine algebraic group. Then it is isomorphic to a
linear algebraic group.

[January 11, 2019]
[January 14, 2019]

X. Affine algebraic varieties/groups as topological
spaces

Let X be an affine algebraic variety. We want to study X as a topological space with
the Zariski topology.

X.1. Generalities

Definition. A topological space X is called

e noetherian if open sets satisfy the ascending chain condition: For any chain of open
sets Uy C Uy C ... there exists an iy € N such that U; = U;, for all i > 4.

e irreducible if X = XU X5 for some disjoint and closed X7, Xo C X implies X; = X
or Xo =X.
Remark. Let X be a topological space.
1) If X is irreducible, X is connected.

2) The following are equivalent:
a) X is irreducible.
b) Any nonempty open subset of X is dense.
c) If Uy, Uy C X are open and non-empty then Uy N Uy £ .

Lemma X.1. Let (X, k[X]) be an affine algebraic variety. Then X is noetherian.

Notation. Let X be a topological space and U C X. We write U @ C X if U is open
in X, and U € X if U is closed in X.

Lemma X.2. Let X and X' be topological spaces.
1) If Y C X is irreducible, Y is irreducible.
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2) Let p: X — X' be continuous. If X is irreducible, p(X) is irreducible.

3) If X and X' are irreducible, X x X' is irreducible.
Proposition X.3. Let X be a noetherian topological space.

1) There exists an r € N and irreducible X; € X (1 <i <r) such that

X=X U UX,. (%)

2) If one assumes moreover that X; € X; for i # j then the decomposition (*) is
unique up to permutation. In this case the X; are called the irreducible components
of X and are mazximal irreducible subsets (with respect to inclusion).

X.2. Identity component

Lemma X.4. Let (G, k[G]) be an affine algebraic group. Then there exists exactly one
irreducible component Gy containing e € G. It is called the identity component.

Definition. An affine algebraic group (G, k[G]) is connected if Gy = G.
Proposition X.5. Let (G, k|G]) be an affine algebraic group.

1) Gy C G is a closed and mazimal subgroup.

2 (G2G0><OO.

3) The gGy (g € G) are the connected and irreducible components.

)
)
)
4) Each closed subgroup H < G with finite index contains Gy.

Lemma X.6. Let (G,k[G]) be an affine algebraic group. Let U,V C G be open and
dense. Then G =U-V.

Definition. Let X be a topological space and Y C X a subset. It is called locally closed
it Y =UnNZ for some U@ X and Z € X. Finite unions of locally closed subsets in X
are called constructible.

Remark. One can show that {constructible subsets in X'} contains all open and closed
sets, and it is closed under taking finite unions and complements (in fact it is minimal
with these properties).

Proposition X.7. Let X be a topological space.
1) A constructible set Y C X contains a subset which is closed and open in Y.

2) (Chevalley) Images of constructible sets (under morphisms of affine algebraic
varieties) are constructible.
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Proposition X.8. Let (G, k[G]) be an affine algebraic group and H C G a subgroup.
1) H C G is a subgroup.
2) If H is constructible then H = H.
Proposition X.9. Let o: G — G’ be a morphism of affine algebraic groups.
1) kerp C G is a closed subgroup.
2) imp C G’ is a closed subgroup.

3) p(Go) = im .

XI. More on products

We know that if (X, k[X]) and (Y, k[Y]) are affine algebraic varieties then (X x Y, k[X x Y])
(with k[X x Y] 2 k[X] ® k[Y]) is an affine algebraic variety.

Warning. The Zariski topology on X ® Y is not (in general) the product of the Zariski
topology.

For example consider the product A' x A'. In the product topology the open sets are
unions of U; x Uy’s where U; and U, are open in Al in the Zariski topology. The closed
sets are (), Z; X k, k X Z,, finite sets and k x k (where Z;, Zy are closed in the Zariski
topology, so finite). But in the Zariski topology of A' x A! things like curves or Z(x — y)
are closed.

[January 14, 2019]
[January 18, 2019]

TO BE INSERTED

[January 18, 2019]
[January 21, 2019]

TO BE INSERTED
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