
Algebra II
Winter Semester 2018/19

24th January 2019

Contents
I Group actions 4

II Representations of groups 8

III Invariant polynomial functions 13
III.1 Gradings and filtrations . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
III.2 Symmetric polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
III.3 Polynomial maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
III.4 Covariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

IV Invariants of matrix actions 32

V Semisimple modules and the Artin-Wedderburn theorem 39
V.1 Semisimple modules . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
V.2 Hilbert’s theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
V.3 Semisimple rings and algebras . . . . . . . . . . . . . . . . . . . . . . . . 44
V.4 Applicatons of the density theorems . . . . . . . . . . . . . . . . . . . . . 49
V.5 Application: Brauer groups . . . . . . . . . . . . . . . . . . . . . . . . . 53

VI The double centralizer theorem 55

VII Linear algebraic groups and affine algebraic groups 66

VIII Products and Hopf algebras 71

IX Linearization of algebraic groups 73
IX.1 Characterisation of elements in closed subgroups . . . . . . . . . . . . . . 75

X Affine algebraic varieties/groups as topological spaces 76

1



Contents

X.1 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
X.2 Identity component . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

XI More on products 78

2



References

These are notes of the lecture “Algebra II”, taught by Prof. Dr. Catharina Stroppel at
the University of Bonn in the winter semester 2018/19.

Lecture website:
http://guests.mpim-bonn.mpg.de/enorton/alg2.html

References
[Hun80] Thomas W. Hungerford. Algebra. Springer New York, 1980.
[Kna06a] Anthony W. Knapp. Basic Algebra. Birkhäuser Boston, 2006.
[Kna06b] Anthony W. Knapp. Advanced Algebra. Birkhäuser Boston, 2006.
[Pro06] Claudio Procesi. Lie Groups. An Approach through Invariants and Represen-

tations. Springer New York, 2006.
[Bor12] Armand Borel. Linear Algebraic Groups. Springer New York, 2012.
[Hum75] James E. Humphreys. Linear Algebraic Groups. Springer New York, 1975.
[Spr08] Tonny A. Springer. Linear Algebraic Groups. Birkhäuser Boston, 2008.

3

http://guests.mpim-bonn.mpg.de/enorton/alg2.html


I. Group actions

[October 8, 2018]

I. Group actions
If G is a group, denote by e ∈ G the neutral element, by g−1 the inverse of g ∈ G and by
gh the composition g ◦ h.

Definition. Given a group G and a set X, an action of G on X is a map

G×X ! X

(g, x) 7! g.x

such that

(A1) e.X = x and

(A2) (gh).x = g.(h.x)

for all x ∈ X and g, h ∈ G. We call then X a G-set.

Definition. Given a set X, define

S(X) := {f : X ! X | f bijective},

the symmetric group of X (with composition as group multiplication).
Given a G-set X and g ∈ G, let πg ∈ S(X) be defined as πg(x) = g.x.

Lemma I.1. For any group G and set X we have a bijective correspondence

{G-actions on X} 1:1
 −−! {Group homomorphisms G! S(X)}

π 7! π̂ = (g 7! (x 7! π(g, x) = g.x))
((g, x) 7! ϕ(g)(x)) = ϕ̊  [ ϕ.

Proof. Left to the reader.

Examples. Let G be a group.

1) G acts on itself by
• left multiplication: g.x = gx (left regular action)
• “right multiplication”: g.x = xg−1 (right regular action)
• conjugation g.x = gxg−1

2) Any set X is a G-set via the trivial action g.x = x.

3) Let X, Y be G-sets. then G acts on Maps(X, Y ) := {f : X ! Y } via (g.f)(x) =
g.(f(g−1.x)). Special case: the action Y is trivial, then (g.f)(x) = f(g−1.x).
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I. Group actions

Definition. Let X, Y be G-sets. A map f : X ! Y is called G-equivariant if f(g.x) =
g.f(x) for all g ∈ G and x ∈ X. We write

HomG(X, Y ) := {f : X ! Y | f is G-equivariant}.

Lemma I.2. Let G be a group.

1) If X is a G-set then idX ∈ HomG(X,X).

2) If X, Y, Z are G-sets, f1 ∈ HomG(X, Y ) and f2 ∈ HomG(Y, Z) then f2 ◦ f1 ∈
HomG(X,Z).

Proof. Left to the reader.

Examples. Let G be a group.

1) If G acts on itself by left multiplication then

HomG(G,G) ∼= G (as sets)
f 7! f(e)

(x 7! xa) = ma  [ a.

2) If X, Y are trivial G-sets then HomG(X, Y ) = Maps(X, Y ).

Definition. Let X be a G-set. For x ∈ X let Gx = {g.x | g ∈ G} be the orbit of x. We
write

G \\X := {Gx | x ∈ X}.

Note that Gx = Gy iff y ∈ Gx.

Remark. We can view G \\X as a G-set via the trivial action. Then can: X !
G \\X, x 7! Gx is G-equivariant.

Definition. Let X be a G-set. Then

XG := {x ∈ X | ∀g ∈ G : g.x = x}

is the set of G-fixed points or G-invariants in X.

Lemma I.3. Let X, Y be G-sets and f ∈ HomG(X, Y ). Then, f(XG) ⊆ Y G.

Proof. Let x ∈ XG. For all g ∈ G, we have g.f(x) = f(g.x) = f(x). Therefore,
f(x) ∈ Y G.

Thus, f induces a map fG : XG ! Y G by restriction.

Lemma I.4. Let G be a group.
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I. Group actions

1) If X is a G-set then idGX = idXG.

2) If X, Y, Z are G-sets, and f1 ∈ HomG(X, Y ) and f2 ∈ HomG(Y, Z) then (f2◦f1)G =
fG2 ◦ fG1 .

Proof. Left to the reader.

Lemma I.5. Let X, Y be G-sets. Then HomG(X, Y ) = Maps(X, Y )G.

Proof. f ∈ HomG(X, Y ) ⇔ ∀g ∈ G, x ∈ X : f(g.x) = g.f(x) ⇔ ∀g ∈ G, x ∈ X :
g−1.f(g.x) = g−1.(g.f(x)) = f(x) ⇔ ∀g ∈ G, x ∈ X : g.f(g−1.x) = f(x) ⇔ f ∈
Maps(X, Y )G.

Definition. Let X be a G set and k a field. A map f : X ! k is G-invariant if
f(g.x) = f(x) for all g ∈ G and x ∈ X.

Example. Let G = Z/2Z = {e, s} and k = R. Let G act on R by s.λ = −λ. Any
polynomial p(t) ∈ R[t] can be viewed as an element in Maps(R,R). Then p(t) = ∑

ait
i

is G-invariant iff p(t) is even (i.e. ai = 0 for odd i).

Proof. p(t) is G-invariant
⇔ ∀λ ∈ R : p(s.λ) = p(λ)
⇔ ∀λ ∈ R : p(−λ) = p(λ)
⇔ ∀λ ∈ R :

∑
i

(−1)iaiλi =
∑
i

aiλ
i

⇔ ∀λ ∈ R : 2
∑
i odd

aiλ
i = 0

⇔ ai = 0 for all odd i

Remark. f : X ! k is G-invariant iff f ∈ Maps(X, k)G where we have trivial G-action
on k.

Lemma I.6 (Universal property of invariant maps). Let X be a G-set, k a field (or a
commutative ring with 1). Then f : X ! k is G-invariant iff f factors through can (i.e.
∃!f : G \\X ! k such that f = f ◦ can).

X k

G \\X

f

can
∃!f

Proof. f is G-invariant
⇔ ∀g ∈ G, x ∈ X : f(g.x) = f(x)
⇔ f is constant on orbits
⇔ f exists (namely f(Gx) = f(x), obviously unique)
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I. Group actions

Lemma I.7. Let X be a finite G-set and k a field (or commutative ring with 1). Then:

1) Maps(X, k) is a k-vector space (or k-module) with pointwise addition and scalar
multiplication.

2) A k-basis of Maps(X, k) is given by

Xx : y 7!
{

1 if x = y

0 otherwise

where x ∈ X.

3) Maps(X, k)G forms a subspace (or submodule) with basis

XG : y 7!
{

1 if y ∈ G
0 otherwise

where G ∈ G \\X.

Proof.

1) Clear.

2) Generating system: Let f ∈ Maps(X, k). Then f = ∑
x∈X f(x)Xx, as we have∑

x∈X f(x)Xx(y) = f(y) for all y ∈ X.
Linear independence: Let∑x∈X axXx = 0 for some ax ∈ k. Thus,

∑
x∈X axXx(y) =

0 for all y ∈ X, and we have ay = 0 for all y ∈ X.

3) Generating system: Let f ∈ Maps(X, k)G. Hence, f is constant on orbits, and we
have f = ∑

G∈G \\X aGXG with aG = f(x) for x ∈ G.
Linear independence: As in 2).

If X is an infinite set we often replace Maps(X, k) by

kX := {f : X ! k | supp f is finite}

where supp f := {x ∈ X | f(x) 6= 0} is the support of f .

Note. We have

supp(f1 + f2) ⊆ supp f1 ∪ supp f2,

supp(λf) ⊆ supp f

for all f1, f2, f ∈ Maps(X, k) and λ ∈ k \ {0}. Thus, kX ⊆ Maps(X, k) together with
the 0-function is a vector space (usually just call it kX as well).
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II. Representations of groups

kX is preserved under G-action. Let f ∈ kX, g ∈ G. Then

(g.f)(x) 6= 0
⇔ f(g−1.x) 6= 0
⇔ g−1.x ∈ supp f
⇔ x ∈ {g.y | y ∈ supp f}︸ ︷︷ ︸

finite

.

Lemma I.7 generalizes to kX.

Lemma I.8. Let G be a group and R a ring. Let G act on R by ring homomorphisms
(i.e. if π : R! R is the action then πg : R! R is a ring homomorphism for all g ∈ G)
then RG is a subring of R.

Proof. Let r1, r2 ∈ RG. To show: r1 + r2, r1r2 ∈ RG. For g ∈ G we have g.(r1 + r2) =
πg(r1 + r2) = πg(r1) + πg(r2) = g.r1 + g.r2 = r1 + r2. Similarly, g.(r1r2) = r1r2.

Example. Even polynomials form a subring of R[t].

Definition. If G,H are groups and X a G-set and an H-set then the two actions
commute if

g.(h.x) = h.(g.x)

for all g ∈ G, h ∈ H and x ∈ X.

[October 8, 2018]
[October 11, 2018]

II. Representations of groups
Definition. Let G be a group, V a k-vector space and G × V ! V an action. This
action is linear if πg : V ! V is a linear map for all g ∈ G. Then V is called a G-space
or a representation of G.

Example. If V is a k-vector space then GL(V ) acts linearly on V by g.v = g(v) for all
g ∈ GL(V ) and v ∈ V . We call this the standard representation.

Remark. We have a bijection

{linear G-actions on V } 1:1
 ! {group homomorphisms G! GL(V )},

π 7! (g 7! πg).

8



II. Representations of groups

Examples.

1) Let X be a G-set. Then kX is a representation (the regular representation of kX)
of G via

g.

(∑
x∈X

axXx
)

=
∑
x∈X

axXg.x.

2) Let V and W be representations of G over K. Then the G-action on Maps(V,W )
induces a G-action on Homk(V,W ) = {f : V ! W | f k-linear}.

3) Let V and W be representations of G over k. Then V ⊕ W and V ⊗ W are
representations of G, called direct sum and tensor product via g.(v, w) = (g.v, g.w)
and g.(v ⊗ w) = (g.v)⊗ (g.w) extended linearly.

Definition. Let V be a representation of G over k.

• A subrepresentation of V is a vector subspace U of V such that g.u ∈ U for all
g ∈ G and u ∈ U . It is proper if 0 6= U 6= V .

• V is irreducible if V 6= 0 and there is no proper subrepresentation.

• V is indecomposable if it cannot be written as a decomposition V = U1 ⊕ U2 such
that U1 and U2 are proper subrepresentations.

• V is completely reducible if V = ∑
i∈I Vi where Vi are irreducible subrepresentations

(for some set I).

Example. Let

G =
{(

a b
0 c

) ∣∣∣∣∣ a, b, c ∈ C, a, c 6= 0
}

act on V = C2 by standard action. Then U =
〈(

1
0

)〉
is a proper subrepresentation

of V , but V is not irreducible. But V is indecomposable since U is the unique proper

subrepresentation. To see this, assume U ′ =
〈(

x
y

)〉
to be a proper subrepresentation.

Then (
1 1
0 1

)(
x
y

)
=
(
x+ y
y

)
∈ U ′,

and as U ′ is a subspace, we have
(
y
0

)
∈ U ′ and therefore U ′ = U . V is also not completely

irreducible.

Definition. Let G be a group and k a field. The group algebra of G over k is the
k-algebra given by the k-vector space

kG = {f : G! k | supp f is finite}
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II. Representations of groups

with multiplication given by convolution of functions

(f1 · f2)(x) =
∑
y∈G

f1(y)f2(y−1x)

with unit 1 = Xe.

Indeed, we have

(f · Xe)(x) =
∑
y∈G

f(y)Xe(y−1x)︸ ︷︷ ︸
nonzero iff y = x

= f(x) and (Xe · f)(x) =
∑
y∈G
Xe(y)︸ ︷︷ ︸

nonzero iff y = 1

f(y−1x) = f(x)

for all f ∈ kG. It remains to check associativity and distributivity.

Remark. The group algebra can be defined in the same way over any commutative
ring with 1. We write ∑

g∈G
agg :=

∑
g∈G

agXg

where ag ∈ k and almost all ag = 0.

Lemma II.1. The algebra structure on kG is given by extending the multiplication on
G bilinearly.

Proof. We have

(Xg · Xh)(x) =
∑
y∈G
Xg(y)Xh(y−1x) =

{
1 if h = g−1x

0 otherwise
= Xgh(x).

By definition the convolution product extends this bilinearly.

Note. kG is commutative iff G is abelian.

Lemma II.2. Let G be a group and V a k-vector space. Then

{linear G-actions on V } 1:1
 ! {kG-module structures on V },

(G× V ! V ) 7!

∑
g∈G

agg

.v :=
∑
g∈G

ag(g.v)
.

Proof. Left to the reader.

Definition. Let V and W be representations of G over k. A morphism (of representa-
tions) from V to W si a linear, G-equivariant map f : V ! W . Denote HomG(V,W ) :=
{f : V ! W morphisms of representations} and EndG(V ) := HomG(V, V ).
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II. Representations of groups

Note. HomG(V,W ) is a vector space. Write V ∼= W if there exists an isomorphism
V ! W .

Lemma II.3. Let G be a group and k a field. Representations of G over k together with
morphisms of representations form a category Repk(G).

Proof. See Lemma II.2.

Example. For a field k, the k-vector spaces together with k-linear maps form a category
Vectk.

Corollary II.4. Let k be a field. The assignments

F : Repk(G) ! Vectk
V 7! V G

f 7! fG : V G ! WG

define a functor from Repk(G) to Vectk, the functor of G-invariants.

Proof. Left to the reader.

Lemma II.5. If f : V ! W is a morphism of representations of G then ker f and im f
are subrepresentations of V respectively W .

Proof. ker f and im f are subspaces since f is linear. Let g ∈ G and x ∈ ker f . Then
f(g.x) = g.f(x) = g.0 = 0 and g.x ∈ ker f , thus ker f is a subrepresentation.
Let y im f and x ∈ V with f(x) = y. We get g.y = g.(f(x)) = f(g.x) im f .

Remark. It can be shown that Repk(G) is an abelian category.

Lemma II.6 (Schur’s lemma). Let G be a group and V,W irreducible representations
of G over k.

1) HomG(V,W ) = 0 if V � W . If V ∼= W , we have HomG(V,W ) 6= 0 and every
non-zero morphism is an isomorphism.

2) If k = k and V and W are finite-dimensional then

HomG(V,W ) ∼=
{
k if V ∼= W

0 if V � W

as representations.

Proof.

1) Assume V ∼= W and 0 6= f ∈ HomG(V,W ). This implies ker f 6= V and imF 6= 0.
By Lemma II.5 it follows ker f = 0 and im f = W , since f is a morphism and V
and W are irreducible. As f is linear, f is an isomorphism.
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II. Representations of groups

2) Assume V ∼= W and 0 6= α, β ∈ HomG(V,W ). It is enough to show β = λα
for some λ ∈ k. By 1) α has an inverse α−1 (which is again a morphism) and
we have α−1 ◦ β ∈ EndG(V ). If k = k and V is finite-dimensional α−1 ◦ β has
eigenvectors. We define K := ker(α−1 ◦ β − λ idV ) 6= 0 for some λ ∈ k. Now
α−1 ◦ β − λ idv ∈ EndG(V ) (the reader may check this statement), thus K is a
subrepresentation of V , hence K = V , since V is irreducible and K 6= 0. Therefore,
α−1 ◦ β = λ idV and β = λα.

Corollary II.7. Let k = k and Vi (1 ≤ i ≤ r) be pairwise non-isomorphic irreducible
finite-dimensional representations of G over k. Let Wi := V ⊕nii := Vi ⊕ . . .⊕ Vi for some
ni ∈ Z>0 (a representation of G). Then

EndG(W1 ⊕ . . .⊕Wr) ∼= Mn1×n1(k)⊕ . . .⊕Mnr×nr(k)

as algebras.

Proof. We have

EndG(W1 ⊕ . . .⊕Wr) = HomG

 r⊕
i=1

ni⊕
j=1

Vi,
r⊕
i=1

ni⊕
j=1

Vi


and by Schur’s lemma, since Vi ∼= Vi, and EndG(Vi) ∼= k, we get

∼= EndG(V ⊕n1
1 )⊕ . . .⊕ EndG(V ⊕nrr )

∼= Mn1×n1(k)⊕ . . .⊕Mnr×nr(k).

[October 11, 2018]
[October 15, 2018]

Theorem II.8 (Maschke’s theorem). Let G be a finite group and k a field such that
char k - |G| (in particular char k = 0 is allowed). The the finite-dimensional representa-
tions of G over k are completely reducible.

Proof. It is enough to show that for any finite-dimensional representation V of G the
following holds: any subrepresentation U of V has a complement inW in V which is again
a subrepresentation; so V = U⊕W as representations. Let U be such a subrepresentation
and choose a vector space complement U ′ so V = U ⊕ U ′ as vector spaces.
Define now p̂ : V ! U by

p̂(v) = 1
|G|

∑
g∈G

g−1. p(g.v)︸ ︷︷ ︸
∈U︸ ︷︷ ︸

∈U

∈ U.

Now:
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• We have p̂(u) = 1
|G|

∑
g∈G

g−1.p(g.h.v) = 1
|G|

∑
g∈G

g−1.g.u = u for all u ∈ U .

• p̂ is G-equivariant, as for any h ∈ G and v ∈ V

p̂(h.v) = 1
|G|

∑
g∈G

g−1.p(g.h.v) = 1
|G|

∑
g∈G

h.(h−1.(g−1.p(g.h.v))

= h.

 1
|G|

∑
g∈G

(gh)−1.p((gh).v)
 = h.

 1
|G|

∑
g∈G

g−1.p(g.v)
 = h.p̂(v).

Therefore, V = im p̂ ⊕ ker p̂ = U ⊕ ker p̂ since p̂ is G-equivariant. W := ker p̂ is a
subrepresentation of V .

Warning. Maschke’s theorem does not hold in general if char k | |G|. For example,
take G = Z/2Z = {e, s}, k = F2 and V = kG the regular representation. Then 〈e+ s〉k
is a 1-dimensional subrepresentation, but in fact the unique one. Therefore, it has no
complement. (Note: if char k 6= 2 then 〈e+ s〉k is also a 1-dimensional subrepresentation
and a complement of the above one).

III. Invariant polynomial functions

III.1. Gradings and filtrations
Definition. Let A be a k-algebra. A grading (or Z-grading) on A is a decomposition

A =
⊕
i∈IZ

Ai

into vector subspaces Ai such that AiAj ⊆ Ai+j for all i, j ∈ Z. We call then A a graded
algebra. The Ai (i ∈ Z) are the graded (or homogeneous) components. An element ai ∈ Ai
is called homogeneous (of degree i).

Definition. A grading of a ring R is a decomposition R = ⊕
i∈ZRi into Z-modules

such that RiRj ⊆ Ri+j for all i, j ∈ Z. We call then R a graded ring and the Ri the
graded/homogeneous components.

Lemma III.1. Let k be a field and A a k-algebra with 1.

A =
⊕
i∈Z

Ai is a graded algebra. ⇐⇒ A =
⊕
i∈Z

Ai is a graded ring and k1 ⊆ A0.

Proof.

“⇐” A = ⊕
i∈ZAi is a decomposition into k-vector spaces; in particular into Z-modules.

We have to show k1 ⊆ A0.
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Write 1 = ∑
i∈Z ei with ei ∈ Ai and almost all ei = 0. Then for any a ∈ Aj we have

a = a1 = ∑
i∈Z aei. As aei ∈ Aj+i, we have a = ae0 because the sum A = ⊕

i∈ZAi
is direct. Similarly we get e0a = a. Thus, e0 = a = ae0 for all a ∈ A, and we have
1 = e0 ∈ A0 and finally k1 = ke0 ⊆ A0 since A0 is a vector space.

“⇒” We have to show that Ai is closed under scalar multiplication for all i ∈ Z. Let
λ ∈ k and i ∈ Z. Then λAi = (λ1)Ai ⊆ A0Ai ⊆ A0+i = Ai.

Examples.

1) Let A be any k-algebra. It is a graded algebra via the “stupid grading” A = ⊕
i∈ZAi

where
Ai =

{
A if i = 0,
0 if i 6= 0.

2) Let R = Z or R = k for a field. Then A = R[X1, . . . , Xn] is a graded ring
respectively a graded algebra where A = ∑

i∈ZAi is given by

Ai =

0 if i < 0,〈{
Xa1

1 · · ·Xan
n

∣∣∣ ∑n
j=1 aj = i

}〉
R

else,

because clearly the monomials Xa1
1 · · ·Xan

n with ai ∈ Z≥0 (and by convention
X0

1 · · ·X0
n = 1) form an R-basis of R[X1, . . . , Xn] and (Xa1

1 · · ·Xan
n )(Xb1

1 · · ·Xbn
n ) =

(Xa1+b1
1 · · ·Xan+bn

n ), so that aiaj ∈ Ai+j for all basis elements ai ∈ Ai and aj ∈ Aj
(then also AiAj ⊆ Ai+j).

3) Let V be a k-vector space. Consider the vector space

T(V ) := k ⊕ V ⊕ (V ⊗ V )⊕ . . . = k ⊕
⊕
d≥1

V ⊗d =:
⊕
d≥0

V ⊗d,

the tensor algebra. We claim that T(V ) is an algebra by setting

(vi1 ⊗ . . .⊗ vid︸ ︷︷ ︸
∈V ⊗d

)(vj1 ⊗ . . .⊗ vjd′︸ ︷︷ ︸
∈V ⊗d′

) = vi1 ⊗ . . .⊗ vid ⊗ vj1 ⊗ . . .⊗ vjd′︸ ︷︷ ︸
∈V ⊗(d+d′)

for any vir , vjs in a chosen basis {vi | i ∈ I} of V (1 ≤ r ≤ d, 1 ≤ s ≤ d′) and
extended linearly to T(V ) with

λ︸︷︷︸
∈V ⊗0

· v︸︷︷︸
∈V ⊗d

:= λv︸︷︷︸
∈V ⊗d

and v︸︷︷︸
∈V ⊗d

· λ︸︷︷︸
∈V ⊗0

:= λv︸︷︷︸
∈V ⊗d

.

We also claim that T(V ) = ⊕
i∈Z T(V )i with

T(V )i :=
{
V ⊗i if i ≥ 0
0 otherwise

is then a graded algebra.

14
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Definition. Let A be a k-algebra. A filtration of A is a (possibly infinite) sequence
F•(A) of vector subspaces of the form

0 = F−1(A) ⊆ F0(A) ⊆ F1(A) ⊆ . . . ⊆ A

such that

1) Fi(A)Fj(A) ⊆ Fi+j(A) for all i, j ∈ Z≥−1 and

2)
⋃
i≥−1

Fi(A) = A.

An algebra with a filtration is a filtered algebra.

Proposition III.2. If A is a filtered algebra with filtration F•(A) then we can consider
the vector space

grA :=
⊕
i∈Z

(grA)i where (grA)i =
{
Fi(A)/Fi−1(A) if i ≥ 0,
0 if i < 0.

Then grA becomes a graded algebra by defining the multiplication

(a+ Fi−1(A))(b+ Fj−1(A)) := ab+ Fi+j−1(A)

for any a ∈ Fi(A) and b ∈ Fj(A). It is called the associated graded algebra to the filtered
algebra (A,F•(A)).

Proof. We have to show that the multiplication is well-defined. Note that we have

Fi−1(A)b ⊆ Fi−1(A)Fj(A) ⊆ Fi+j−1(A),
aFj−1(A) ⊆ Fi(A)Fj−1(A) ⊆ Fi+j−1(A),

Fi−1(A)Fj−1(A) ⊆ Fi+j−2(A) ⊆ Fi+j−1(A).

Therefore, we have

(a+ Fi−1(A))(b+ Fj(A)) = (c+ Fi−1(A))(d+ Fj(A))

if a + Fi−1(A) = c + Fi−1(A) in Fi+j(A)/Fi+j−1(A) and b + Fj(A) = d + Fj(A) for all
a, c ∈ Fj(A) and b, d ∈ Fj(A).
Associativity and distributivity follow from the same properties in A.

Proposition III.3. Let A = ⊕
i∈ZAi be a graded algebra such that Ai = 0 for i < 0.

Then define
Fj(A) =

⊕
0≤i≤j

Ai

for all j ≥ 0. Then

0 =: F−1(A) ⊆ F0(A) ⊆ F1(A) ⊆ . . . ⊆ A (*)

turns into a filtered algebra.
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III. Invariant polynomial functions

Proof. Obviously Fj(A) ⊆ A are vector subspaces for all j ≥ −1 and (*) is a sequence of
nested vector spaces.

2) Any a ∈ A can be written as a = ∑∞
i=0 ai with ai ∈ Ai where almost all ai = 0.

There exists j > 0 such that a ∈ Fj(A) and we have

A ⊆
⋃
j≥−1

Fj(A).

1) Let A ∈ Fr(A) and b ∈ Fs(A). We can write a = ∑r
i=1 ai and b = ∑s

i=1 bi for some
ai, bi ∈ Ai. Thus we get

ab ∈
∑

0≤i≤r
0≤j≤s

aibj︸︷︷︸
Ai+j

∈
r+s⊕
l=0

Al = Fr+s(A).

Remark. At this point Professor Stroppel seems not to have numbered this proposition
in her notes. Therefore, the next Lemma will have the same number.

Examples.

1) Let R = Z or R = k a field. Consider A = R[X1, . . . , Xn]. This is a filtered algebra
by setting

Fj(A) =
〈{

Xa1
1 · · ·Xan

n

∣∣∣∣∣
n∑
i=1

ai = j

}〉
R

for j ≥ 0 (F−1(A) = 0).

2) Let R = k[t] for any field k. Consider Endk(k[t]) (linear endomorphisms). There
are the two following interesting elements in Endk(k[t]):

X : k[t]! k[t] ∂ : k[t]! k[t]
p 7! tp p 7! p′ := formal derivation

Let A be the subalgebra of Endk(k[t]) generated by X and ∂. This is called the
(first) Weyl algebra A1.
We claim that A has basis {Xa∂b | a, b ∈ Z≥0} (with X0∂0 = 1). The reader may
check this using the formula ∂X = X∂+id. Furthermore, one can define a filtration
on A via Fj(A) =

〈
{Xa∂b | a+ b ≤ j}

〉
for j ≥ 0.

[October 15, 2018]
[October 18, 2018]
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Remark. For (A,F•(A)) a filtered algebra the canonical map

can: A ! grA =
⊕
i≥0

Fi(A)/Fi−1(A)

a 7! (a+ Fi−1(A))i≥0

is in general not an algebra homomorphism.

Definition. Let A = ⊕
i∈ZAi be a graded algebra andM and A-module. Then a grading

on M is a decomposition M = ⊕
i∈ZMi into vector spaces such that AiMj ⊆ Mi+j for

all i, j ∈ Z. Then M is called a graded module.
For graded A-modules M = ⊕

i∈ZMi and N = ⊕
i∈ZNi, a morphism of graded A-

modules from M to N is a morphism f : M ! N of A-modules such that f(Mi) ⊆ Ni

for all i ∈ Z.

Remark. Graded A-modules with graded A-module homomorphisms form a category
(where A is a graded algebra).

III.2. Symmetric polynomials
Definition. Let k b a field. Let G := Sn = S({1, . . . , n}) act linearly on K[X1, . . . , Xn]
by

g.Xa1
1 X

a2
2 · · ·Xan

n = Xa1
g(1)X

a2
g(2) · · ·X

an
g(n). (*)

A polynomial in k[X1, . . . , Xn]G is called a symmetric polynomial (in n variables).

Remark. We could replace k by any commutative ring R with 1 and extend (*)
R-linearly to get an action of G on R[X1, . . . , Xn].

Examples. In K[X1, X2, X3]S3 we have e.g. the following elements:

p
(3)
2 = X2

1 +X2
2 +X2

3

h
(3)
2 = X2

1 +X1X2 +X1X3 +X2
2 +X2X3 +X2

3

e
(3)
2 = X1X2 +X1X3 +X2X3

m
(3)
(4,4,2) = X4

1X
4
2X

2
3 +X4

1X
2
2X

4
3 +X2

1X
4
2X

4
3 +X2

1X
4
2X

4
3

Definition. Let n ∈ Z>0 and r ∈ Z≥0. Define the symmetric polynomials

p(n)
r := Xr

1 +Xr
2 + . . .+Xr

n,

the r-th power symmetric polynomial (with p(n)
0 = n),

h(n)
r :=

∑
|a|=r

Xa1
1 X

a2
2 · · ·Xan

n

17



III. Invariant polynomial functions

where a = (ai)1≤i≤n ∈ Zn≥0 with |a| = ∑n
i=1 ai, the r-th complete symmetric polynomial

(h(n)
0 = 1),

e(n)
r :=

∑
1≤i1<...<ir≤n

Xi1Xi2 · · ·Xir =
∑

I⊆{1,...,n}
|I|=r

∏
i∈I
Xi,

the r-th elementary symmetric polynomial (with e(n)
0 = 1 and e(n)

r = 0 if r > n).

Lemma III.3. For all n ∈ Z>0 we have in Z[X1, . . . , Xn][t]
n∏
i=1

(t−Xi) = tn − en1 tn−1 + e
(n)
2 tn−2 + . . .+ (−1)ne(n)

n .

Proof. The coefficient of tn−j on the left hand side equals∑
i≤i1<...<ij≤n

(−Xi1)(−Xi2) · · · (−Xij) = (−1)je(n)
j .

Theorem III.4 (Fundamental theorem of symmetric polynomials). The elementary
symmetric polynomials e(n)

1 , . . . , e(n)
n generate k[X1, . . . , Xn]Sn as a k-algebra. Moreover

they are algebraically independent over k. That means

k[X1, . . . , Xn]Sn ! k[t1, . . . , tn]
e

(n)
j 7! tj

is an isomorphism of algebras.

Lemma III.5. Let G be a group and Vi (i ∈ I) representations of G (over some fixed
field k). Then (⊕

i∈I
Vi

)G
=
⊕
i∈I

V G
i

as vector subspaces of ⊕i∈I Vi.

Proof.

“⊇” Obvious.

“⊆” Let v = ∑
i∈I vi ∈ (⊕i∈I Vi)G. Then we have

v = g.v = g.

(∑
i∈I

vi

)
=
∑
i∈I

g.vi

for all g ∈ G since the sum is direct. We get vi = g.vi for all i ∈ I and g ∈ G, and
therefore vi ∈ V G

i for all i ∈ I.
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Lemma III.6. A polynomial f ∈ k[X1, . . . , Xn] is symmetric if and only if its homoge-
neous parts fi ∈ k[X1, . . . , Xn] are symmetric.

Proof. Let A = k[X1, . . . , Xn] = ∑
i∈Z k[X1, . . . , Xn]i the decomposition (since A is a

graded algebra) where

k[X1, . . . , Xn]i =

0 if i < 0,〈{
Xa1

1 · · ·Xan
n

∣∣∣ ∑n
j=1 aj = i

}〉
otherwise.

G = Sn acts on A as above and preserves k[X1, . . . , Xn]i =: Ai. By Lemma III.5 we get

k[X1 . . . , Xn]Sn = AG =
⊕
i∈Z

AGi =
⊕
i∈Z

k[X1, . . . , Xn]Sni

The following formula holds for all 1 ≤ r ≤ n (n ∈ Z>0).

e(n)
r = e(n−1)

r +Xne
(n−1)
r−1

Proof. e(n)
r =

∑
I⊆{1,...,n}
|I|=r

∏
i∈I
Xi =

∑
I⊆{1,...,n−1}
|I|=r

∏
i∈I
Xi +Xn

∑
I⊆{1,...,n−1}
|I|=r−1

∏
i∈I
Xi

= e(n−1)
r +Xner−1(n−1)

Lemma III.7. A polynomial f ∈ k[X1, . . . , Xn] is symmetric if and only if it can be
expressed as a polynomial in the e(n)

r ’s (over k).

Proof.

“⇒” We have e ∈ k[X1, . . . , Xn]Sn . But k[X1, . . . , Xn]Sn is a subring, even a subalgebra.

“⇐” Let f ∈ k[X1, . . . , Xn]Sn a symmetric polynomial. We use induction on n.

For n = 1 we have k[X1]S1 = k[X1]{e} = k[X1] = k
[
e

(1)
1

]
.

Assume the lemma for n − 1. Let d = deg f . If d ≤ 1, the claim is obvious. Let
d ≥ 2 and assume the lemma holds for any symmetric polynomial h with deg h < d.
Consider

q : k[X1, . . . , Xn] ! k[X1,...,Xn]/(Xn) ∼= k[X1, . . . , Xn−1],
p(x1, . . . , xn) 7! p(x1, . . . , xn−1, 0).

Check that q is an algebra homomorphism. We have:
• q(e(n)

j ) = e
(n−1)
j for all 0 ≤ j > n.

• q(e(n)
n ) = 0.
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• q(f) ∈ k[X1, . . . , Xn]Sn−1 , because for g ∈ Sn−1

g.(q(f)) = (q(f))(Xg−1(1), Xg−1(2), . . . , Xg−1(n−1)))
= q(f(Xg−1(1), Xg−1(2), . . . , Xg−1(n)))
= q((g.f)(X1, . . . , Xn))

and as f is symmetric,

= q(f).

By induction q(f) is a polynomial P
(
e

(n−1)
1 , . . . , e

(n−1)
n−1

)
in e

(n−1)
1 , . . . , e

(n−1)
n−1 . Set

g = P
(
e

(n)
1 , . . . , e

(n)
n−1

)
∈ k[X1, . . . , Xn]. Because q is an algebra homomorphism we

have

q(g) = P
(
q
(
e

(n)
1

)
, . . . , q

(
e(n)
n

))
= P

(
e

(n−1)
1 , . . . , e

(n−1)
n−1 , 0

)
= q(f).

Therefore, q(f − g) = 0 in k[X1,...,Xn]/(Xn), and we get Xn | f − g.
By assumption, f is symmetric, by construction, g is symmetric. Thus, f − g is
symmetric, and Xi | f − g for all 1 ≤ i ≤ n, and we have X1X2 · · ·Xn | f − g. Set

h = f − g
X1X2 · · ·Xn

= f − g
e

(n)
n

(here we use that k[X1, . . . , Xn] is a unique factorization domain). Now due to
deg g ≤ deg f = d we have deg h < d. By induction on degree h canb e written as
apolynomial in the e(n)

1 , . . . , e(n)
n . Then, f − g = e(n)

n h as well as f = e(n)
n h+ g can

be written as such a polynomial by definition of g.

Proof ot the Fundamental theorem of symmetric polynomials.
We still have to show that the e(n)

1 , . . . , e(n)
n are algebraically independent (over k). We

use induction on n. For n = 1 we have k[X1]S1 = k[X1] = k[e(1)
1 ].

Assume the claim holds for n− 1 ≥ 1, but it does not hold for n. Then there exists a
polynomial 0 6= P ∈ k[t1, . . . , tn] such that P

(
e

(n)
1 , . . . , e(n)

n

)
= 0. Let P be of minimal

possible degree. Then

0 = q
(
P
(
e

(n)
1 , . . . , e(n)

n

))
= P

(
q
(
e

(n)
1

)
, . . . , q

(
e(n)
n

))
= P

(
e

(n−1)
1 , . . . , e

(n−1)
n−1 , 0

)
and by induction hypothesis Xn | P .
Therefore, there exists a p̂ ∈ k[t1, . . . , tn] such that P = tnP̂ . In particular P̂ 6= 0

and deg P̂ < degP . We have 0 = P
(
e

(n)
1 , . . . , e(n)

n

)
= e(n)

n P̂
(
e

(n)
1 , . . . , e(n)

n

)
. Thus,

P̂
(
e

(n)
1 , . . . , e(n)

n

)
= 0 since e(n)

n 6= 0 and P | 0. This contradicts the minimality of
degP .

Remark. The proof gives an algorithm how to express a symmetric polynomial f in
the e(n)

1 , . . . , e(n)
n .
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Remark. The proof and theorem also hold for Z[X1, . . . , Xn]Sn .

To better understand the interaction ot the symmetric polynomials e(n)
r , p(n)

r and h(n)
i

we use generating series in k[X1, . . . , Xn]JtK. For fix n ∈ Z>0 we define

E(t) :=
n∑
r=0

e(n)
r tr, H(t) :=

∑
r≥0

h(n)
r tr, P (t) :=

∑
r≥0

p
(n)
r+1t

r.

Lemma III.8.

1) E(t) =
n∏
i=1

(1 +Xit)

2) H(t) =
n∏
i=1

1
1−Xit

3) P (t) =
n∑
i=1

1
1−Xit

Proof.
1) Clear.

2) 1−Xit is invertible in k[X1, . . . , Xn]JtK, namely with the inverse Qi(t) = 1
1−Xit

:=
1+Xi+X2

i t
2 + . . .. Then ∏n

i=1
1

1−Xit = Q1(t)Q2(t) · · ·Qn(t). But here the coefficient
of tj equals h(n)

j .

3) Left to the reader.

Corollary III.9. For all s ≥ 1 we have

h(n)
s − e

(n)
1 h

(n)
s−1 + e

(n)
2 h

(n)
s−2 − . . .+ (−1)sesh(n)

0 = 0.

The same holds with e and h swapped.

Proof. Left to the reader.

Corollary III.10. For all j ≥ 1 we have

jh
(n)
j = p

(n)
1 h

(n)
j−1 + p

(n)
2 h

(n)
j−2 + . . .+ p

(n)
j−1h

(n)
1 + p

(n)
j h

(n)
0 .

Proof. Let Hr(t) be the formal derivation of H(t) with respect to t, so H ′r(t) =∑
r≥0 rh

(n)
r tr−1. On the other hand (by Lemma III.8)

H ′(t) =
n∑
i=1

 Xi

(1−Xit)2

∏
j 6=i

1
1−Xjt

 =
n∑
i=1

Xi

1−Xit

 n∏
j=1

1
1−Xjt

.
By comparing coefficients of tr−1 we get

rhnr =
r∑
s=1

p(n)
s h

(n)
r−s

using Lemma III.8 2) and 3).
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[October 18, 2018]
[October 22, 2018]

Corollary III.11 (Newton identities). For all r ≥ 0 one has

p(n)
r − e

(n)
1 p

(n)
r−1 + . . .+ (−1)re(n)

r p
(n)
0 = 0.

Proof. Left to the reader.

Corollary III.12. Let k be a field or k = Z. There exist polynomials F1, . . . , Fn ∈
k[t1, . . . , tn] such that

h
(n)
j = Fj(e(n)

1 , . . . , e(n)
n ) und e

(n)
j = Fj

(
h

(n)
1 , . . . , h(n)

n

)
= 0

for all 1 ≤ j ≤ n.

Proof. We have h(n)
1 = X1 + . . . + Xn = e

(n)
1 . Set F1(t1, . . . , tn) = t1. Now assume

F1, . . . , Fs−1 exist for 1 ≤ s ≤ n. Define

Fs := t1Fs−1 − t2Fs−2 + . . .+ (−1)s−2ts−1 + (−1)s−1ts.

By induction and Corollary III.9 we get

Fs = e
(n)
1 h

(n)
s−1 − e

(n)
2 h

(n)
s−2 + . . .+ (−1)s−2e

(n)
s−1h1 + (−1)s−1e(n)

s h
(n)
0 = h(n)

s .

By switching th ole of the e’s and h’s (using e(n)
1 = h

(n)
1 ) and Corollary III.9 again gives

Fs
(
h

(n)
1 , . . . , h(n)

n

)
= e(n)

s .

Theorem III.13. Let k be a field. Then there exists a unique algebra homomorphism

Φ̂ : k[X1, . . . , Xn]Sn ! k[X1, . . . , Xn]Sn

e
(n)
j 7! h

(n)
j

for all 0 ≤ j ≤ n. Moreover Φ̂2 = id and so Φ̂ is an isomorphism.

Proof. By the Fundamental theorem of symmetric polynomials we have an
isomorphism of algebras

Φ: k[X1, . . . , Xn]Sn ! k[t1, . . . , tn],
e

(n)
j 7! tj.

By the universal property of the polynomial ring we have a unique algebra homomorphism

Φ: k[t1, . . . , tn] ! k[X1, . . . , Xn]Sn ,
tj 7! h

(n)
j .

Now set Φ̂ := Φ ◦ Φ. This is an algebra homomorphism.
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We have to show that Φ̂2 = id. Since the e(n)
j generate k[X1, . . . , Xn]Sn as an algebra,

it is enough to show that Φ̂
(
e

(n)
j

)
= h

(n)
j for all 0 ≤ j ≤ n. By Corollary III.12 and

construction of Φ̂ we get

Φ̂
(
h

(n)
j

)
= Φ̂

(
Fj
(
e

(n)
1 , . . . , e(n)

n

))
= Fj

(
Φ̂
(
e

(n)
1

)
, . . . , Φ̂

(
e(n)
n

))
= Fj

(
h

(n)
1 , . . . , h(n)

n

)
= e

(n)
j

for all 0 ≤ j ≤ n.

Theorem III.14. Let k be a field with char k = 0 or char k > n. Then the p(n)
1 , . . . , p(n)

n

generate k[X1, . . . , Xn]Sn as a k-algebra and they are algebraically independent over k.

Proof. Left to the reader.

Remark. Theorem III.14 does not hold over Z. Consider Q[X1, X2]S2 . There we
have e(2)

2 = 1
2

((
p

(2)
1

)2
− p(2)

2

)
, as one has (X1 + X2)2 − (X2

1 + X2
2 ) = 2X1X2. If the

theorem holds for k = Z then there exists an F ∈ Z[t1, t2] such that F
(
p

(2)
1 , p

(2)
2

)
= e

(n)
2 .

Viewed as a polynomial in Q[t1, t2] we have 1
2t

2
1 − 1

2t2 − F (t1, t2) = G(t1, t2). It satisfies
G
(
p

(2)
1 , p

(2)
2

)
= 0. This implies G = 0 because p(2)

1 and p(2)
2 are algebraically independent

over IQ. But this contradicts F ∈ Z[t1, t2].

We want to find a basis of k[X1, . . . , Xn]Sn . This is another natural occurence of power
series.

Definition. Let A = ⊕
i∈ZAi be a graded algebra. Assume Ai = 0 for i < 0 (non-

negatively graded) and dimAi <∞ for all i ∈ Z. Then define the Hilbert series

PA(t) =
∑
i≥0

(dimAi)ti ∈ N0JtK

(in particular, if dimA <∞, we have PA(t) ∈ N0[t]).

Examples.

0) For k a field let A = k[t] with standard grading ⊕i≥0〈ti〉. Then we get

PA(t) = 1 + t+ t2 + . . . = 1
1− t .

(Note that PA(t) is not defined for the “stupid” grading.)

1) If A = ⊕
i∈Z and B = ⊕

i∈ZBi are non-negatively graded algebras with dimA <
∞ > dimB and dimAi < ∞ > dimBi for all i ∈ Z. Then A ⊗ B is an algebra,
even a graded ring via

A⊗B =
⊕
i∈Z

(A⊗B)i where (A⊗B)i =
{

0 if i < 0,⊕i
r=0 Ar ⊗Bi−r otherwise.
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It is clear that the (A⊗B)i ⊆ A⊗B are vetorspaces and ⊕i∈Z(A⊗B)i = A⊗B
by choosing a homogeneous basis of A and B.
We have to check that (A ⊗ B)i(A ⊗ B)j ⊆ (A ⊗ B)i+j for all i, j ∈ Z. We can
assume i, j ≥ 0 and check the property on a basis. We have

(a⊗ b)︸ ︷︷ ︸
∈Ai⊗Bi−r⊆(A⊗B)i

∈As⊗Bj−2⊆(A⊗B)j︷ ︸︸ ︷
(c⊗ d) = ac︸︷︷︸

∈AiAs⊆Ai+s

⊗
∈Bi−rBj−s⊆Bi+j−r−s︷︸︸︷

bd ,

and we get ac⊗bd ∈ Ai+s⊗Bi+j−(r+s) ⊆ (A⊗B)i+j . Thus, A⊗B is a non-negatively
graded ring. We have dim(A⊗B)i = ∑i

r=0 dimAr dimBi−r, which results in

PA⊗B(t) = PA(t)PB(t).

We now consider the special case A = k[X1, . . . , Xn] with standard grading. There
is an isomorphism of algebras

A ∼= k[t1]⊗ k[t2]⊗ . . .⊗ k[tn],
Xa1

1 X
a2
2 · · ·Xan

n  [ ta1
1 ⊗ ta2

2 ⊗ . . .⊗ tann .
(*)

Thus PA(t) = Pk[t1](t) · · ·Pk[tn](t) with the standard grading on k[ti]. (Note that
(*) becomes a graded algebra isomorphism.) Hence

PA(t) = (1 + t+ t2 + . . .)(1 + t+ t2 + . . .) · · · (1 + t+ t2 + . . .) =
n∏
i=1

1
1− t .

Then
PA(t) =

∑
j≥0

(
n+ j + 1
n− 1

)
tj

where the binomial coefficient counts all the ways o create tj from the r factors.
We want the number of tuples (j1, . . . , jn) ∈ Zn≥0 with j1 + . . . + jn = j. We can
think of this by choosing n− 1 points as “barriers” out of n+ j − 1 points.
For n = 1, we have

(
n+j−1

0

)
= 1, see 0). For n = 2,

(
j+1
j

)
is the number of

monomials.

2) By the Fundamental theorem of symmetric polynomials we have an
isomorphism of algebras

Φ: k[X1, . . . , Xn] ∼= k[t1, . . . , tn],

but this is not an isomorphism of graded algebras if we choose the standard gradings
on k[X1, . . . , Xn] and k[t1, . . . , tn].
Define a grading on k[t1, . . . , tn] by k[t1, . . . , tn]i := Φ

(
k[X1, . . . , Xn]Sn

)
. Because

Φ is an isomorphism of algebras (in particular of vector spaces) we have

A = k[t1, . . . , tn] =
⊕
i≥0

k[t1, . . . , tn]i.
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We want to calculate PA(t) with this grading.
We have

k[t1, . . . , tn] ∼= k[t1]⊗ k[t2]⊗ . . .⊗ k[tn]
as algebras and as graded algebras by setting ti ∈ k[ti] in degree i (since tj
corresponds to e(n)

j which has degree j). Therefore

PA(t) = (1 + t+ t2 + . . .)︸ ︷︷ ︸
t1 is of degree 1

(1 + t2 + t4 + . . .)︸ ︷︷ ︸
t2 is of degree 2

· · · (1 + tn + t2n + . . .)︸ ︷︷ ︸
tn is of degree n

=
n∏
j=1

1
1− tj .

We now focus on how to express the coefficient of tj in PA(t) explicitly. The
coefficient of tj equals the number of tuples (a1, . . . , an) ∈ Zn≥0 satisfying 1a1 +
2a2 + . . .+ nan = j.
For visualization, consider the following Young diagram consisting of j squares.

an an an an . . . an

an an an an . . . an... ... ...
a2 a2

a2 a2

a1

a1

a1

In this example, we have a1 = 3, a2 = 2 and an = 2.
Definition. For d ∈ N a sequence λ = (λ1 ≥ λ2 ≥ . . .) with λi ∈ Z≥0 is a partition of d
if ∑∞i=1 λi = d. We write |λ| := ∑∞

i=1 and let l(λ) be maximal such that λi 6= 0 and call
it the length of λ. We set

Par(d) := {partitions of d} und Par :=
⋃
d≥0

Par(d).

Definition. Define a partial ordering on Par by setting λ ≤ µ for λ, µ ∈ Par if we have
r∑
i=1

λi ≤
r∑
i=1

µi

for all r ≥ 0.
Definition. For λ ∈ Par we define the following elements in k[X1, . . . , Xn]Sn .

e
(n)
λ := e

(n)
λ1 e

(n)
λ2 · · · (λ1 ≤ n)

h
(n)
λ := h

(n)
λ1 h

(n)
λ2 · · ·

p
(n)
λ := p

(n)
λ1 p

(n)
λ2 · · ·

m
(n)
λ :=

∑
g∈Sn

Xλ1
g(1)X

λ2
g(2) · · ·X

λn
g(n) (l(λ) ≤ n)

They are all homogeneous of degree |λ|.
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[October 22, 2018]
[October 25, 2018]

Definition. For λ ∈ Par let λt be the transposed partition given by λti = |{j | λj = i}|.
In this case, the young diagram is “flipped”.

Theorem III.15. The
{
e

(n)
λ

}
and

{
h

(n)
λ

}
for λ ∈ Par with λi ≤ n form a k-vector space

of k[X1, . . . , Xn]Sn for k any field or k = Z. Moreover
{
m

(n)
λ

}
for λ ∈ Par with l(λ) ≤ n

is also basis.

Proof. By the Fundamental theorem of symmetric polynomials the monomials
in the e(n)

j ’s are linearly independent, because the e(n)
j ’s are algebraically independent.

Moreover, they generate as a vector space because the e(n)
j ’s generate as an algebra.

Thus, the
{
e

(n)
λ

}
with λ ∈ Par and λi ≤ n form a basis. Then the

{
h

(n)
λ

}
form a basis by

applying the transformation of Theorem III.13.
In e(n)

λ = e
(n)
λ1 e

(n)
λ2 · · · e

(n)
λl(λ)

the maximum possible degree of λ2 is λt2 etc. In fact we have

e
(n)
λ = m

(n)
λt +

∑
µ≤λt

m(n)
µt .

Therefore the m(n)
λt with λti ≤ n form a basis, since the e(n)

λ with λi ≤ n do. As one has
{λ ∈ Par | λi ≤ n} = {λ ∈ Par | l(λt) ≤ n} the m(n)

λ for λ ∈ Par with l(λ) ≤ n form a
basis.

III.3. Polynomial maps
In this section k is an infinite field, V a finite-dimensional k-vector space and v1, . . . , vn
a basis of V .

Definition. We set Pk(V ) = {f : V ! k | f polynomial} where f is polynomial if

f

(
n∑
i=1

αivi

)
= p(α1, . . . , αn)

for some polynomial p ∈ k[t1, . . . , tn].

Remark.

• Clearly Pk(V ) is a k-vector space with pointwise addition and scalar multiplication.

• The property “polynomial” does not depend on the choice of a basis.
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III. Invariant polynomial functions

Proof. Let w1, . . . , wn be a basis of V and wj = ∑n
i=1 βijvi. Then we get

f

 n∑
j=1

αjwj

 = f

 n∑
j=1

αj
n∑
i=1

βijvi

 = f

 n∑
i=1

n∑
j=1

αjβijvi


= p

 n∑
j=1

αjβ1j, . . . ,
n∑
j=1

αjβnj


for some p ∈ k[t1, . . . , tn] as f is polynomial. But the last expression depends
polynomial on α1, . . . , αn; it equals p′(α1, . . . , αn) for some polynomial p′.

Lemma III.16. Let W ⊆ V be a vector subspace. If f ∈ Pk(V ) we get f |W ∈ Pk(W ).

Proof. We choose a basis w1, . . . , wm of W and extend it to a basis w1, . . . , wn of V .
Now f(∑m

i=1 α1w1) = p(α1, . . . , αm, 0, . . . , 0) for some p ∈ k[X1, . . . , Xn] as f ∈ Pk(V ).
Consider the image p̃ of p under the canonical map

k[X1, . . . , Xn]! k[X1,...,Xn]/(Xm+1,...,Xn) ∼= k[X1, . . . , Xm].

Then by construction f(∑m
i=1 αiwi) = p̃(α1, . . . , αm) with p̃ ∈ k[X1, . . . , Xm].

Definition. For f, g ∈ Pk(V ) define fg as (fg)(v) = f(v)g(v) for all v ∈ V . This turns
Pk(V ) into a k-algebra.

Theorem III.17. There is an isomorphism of k-algebras

k[X1, . . . , Xn] ! Pk(V ),

p 7! fp =
(

n∑
i=1

αivi 7! p(α1, . . . , αn)
)
.

Proof. Define for 1 ≤ j ≤ n the j-th coordinate function ϕj : V ! k by ϕj(
∑n
i=1 αivi) =

αj . Obviously we have ϕj ∈ Pk(V ). By the universal property of the polynomial algebra
k[X1, . . . , Xn] there exists a unique algebra homomorphism

β : k[X1, . . . , Xn] ! Pk(V ),
Xj 7! ϕj.

Then β(Xa1
1 · · ·Xan

n )(v) = (ϕa1
1 · · ·ϕann )(v). By the definition of multiplication Pk(V ) one

gets (ϕa1
1 · · ·ϕann )(∑n

i=1 αivi) = αa1
1 · · ·αann . Thus β sends p to fp.

By definition β is surjective. Now assume β(p) = 0. Then fp(
∑n
i=1 αivi) = 0 for all

(α1, . . . , αn) ∈ kn, hence p(α1, . . . , αn) = 0 for all (α1, . . . , αn) ∈ kn. As k is infinite we
get p = 0. Therefore β is an isomorphism.

Remark. The theorem does not hold for finite fields in general. For example, take
p(t) = t2 + t ∈ F2[t]. In this case we have p(1) = 1 + 1 = 0 = 0 + 0 = p(0), so p(λ) = 0
for all λ ∈ F2, but p 6= 0. Therefore the β in the proof does not have to be injective.
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III. Invariant polynomial functions

Remark III.18. At this point Professor Stroppel seems to have skipped a number in
her notes.

Definition. f ∈ Pk(V ) is homogeneous of degree d if f(λv) = λdf(v) for all λ ∈ k and
v ∈ V .

Proposition III.19. We have

Pk(v) =
⊕
d≥0
Pk(V )d where Pk(V )d = {f ∈ Pk | f is homogeneous of degree d}

and Pk(V ) becomes a non-negatively graded algebra.

Proof. Clearly Pk(V )d ∩ Pk(V )d′ = 0 if d 6= d′, as otherwise we have λdf(v) = f(λv) =
λd
′
f(v), or λd−λd′ = 0 for all λ ∈ k and v ∈ V . But td− td′ only has finitely many roots

which contradicts the infinity of k. We get ⊕d≥0Pk(V )d ⊆ Pk(V ) via the isomorphism
β from Theorem III.17 which maps a monomial p = Xa1

1 · · ·Xan
n ∈ k[X1, . . . , Xn] to fp

with fp(
∑n
i=1 λivi) = p(λ1, λn). Then fp(λv) = p(λλ1, . . . , λλn) = λa1+...+anp(λ1, . . . , λn).

Hence fp is homogeneous of degree d = a1 + · · ·+ an. Hence

β(k[X1, . . . , Xn]) = β

⊕
d≥0

k[X1, . . . , Xn]d

 =
⊕
d≥0

β(k[X1, . . . , Xn]d)

⊆
⊕
d≥0
Pk(V )d ⊆ P(V ).

But Theorem III.17 gives that im β = Pk(V ), hence ⊕d≥0Pk(V )d = Pk(v). Altogether β
is an isomorphism of graded algebras.

Definition. Let W be a k-vector space. f : W ! V is polynomial if the functions
fi : W ! k defined by

f(w) =
n∑
i=1

fi(w)vi

are polynomial. Denote Pk(W,V ) := {f : W ! V | f polynomial}.

Remark. The property is independent of the choice of a basis. Let w1, . . . , wn be a
basis of V and wi = ∑n

j=1 αijvj. Then we have for w ∈ W

f(w) =
n∑
i=1

fi(w)wi =
n∑
i=1

n∑
j=1

fi(w)αjivj.

If f is polynomial in the wi then it is also polynomial in the vi.
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III. Invariant polynomial functions

Remark. Consider the special case V = k. Then f : W ! V = k is polynomial iff
f ∈ Pk(W ).

Lemma III.20. Finite dimensional maps together with polynomial maps form a category.

Proof. Left to the reader.

Lemma III.21. Pk(W,V ) for W a finite-dimensional k-vector space is a Pk(W )-module
via

(f.g)(w) = f(w)g(w)

for all w ∈ W for f ∈ Pk(W ) and g ∈ Pk(W,V ).

Proof. Clearly Maps(W,V ) is a Maps(W,k)-module via the same rule. We have to check
that Pk(W,V ) is preserved under the action of Pk(W ) ⊆ Maps(W, k). So let f ∈ Pk(W )
and g ∈ Pk(W,V ) and let w1, . . . , wm be a basis of W . Then

(fg)
(

m∑
i=1

λiwi

)
= f

(
m∑
i=1

λiwi

)
g

(
m∑
i=1

λiwi

)
=

m∑
j=1

p(λ1, . . . , λm)gj
(

m∑
i=1

λiwi

)
vj

=
m∑
j=1

p(λ1, . . . , λm)qj(λ1, . . . , λm)︸ ︷︷ ︸
=:(fg)j(∑m

i=1 λiwi)

vj =
m∑
j=1

(fg)j
(

m∑
i=1

λiwi

)
vj

for some p, q1, . . . , qm ∈ k[X1, . . . , Xm] as f and the gj are polynomial. As the (fg)j are
polynomial in λ1, . . . , λn we are done.

Proposition III.22. For f ∈ Pk(W,V ) define f ∗ : Pk(V ) ! Pk(W ) by f ∗(h) = h ◦ f ,
the comorphism attached to f . f ∗ is an algebra homomorphism.

Proof. For f ∈ Pk(W,V ) and h ∈ Pk(V ) we have h ◦ f ∈ Pk(W ) by Lemma III.20. For
h1, h2, h ∈ Pk(V ), λ ∈ k and w ∈ W we get

(f ∗(h1 + h2))(w) = (h1 + h2)(f(w)) = h1(f(w)) + h2(f(w))
= (f ∗(h1))(w) + (f ∗(h2))(w) = (f ∗(h1) + f ∗(h2))(w)

and

(f ∗(λh))(w) = (λh)(f(w)) = λh(f(w)) = λ(f ∗(h))(w) = ((λf ∗)(h))(w).

Thus f ∗ is linear. One easily checks that f ∗(h1h2) = f ∗(h1)f ∗(h2). Altogether f ∗ is an
algebra homomorphism.

[October 25, 2018]
[October 29, 2018]
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Proposition III.23. There is a (contravariant) functor

F : Polk :=
{
finite-dimensional k-vector spaces

with polynomial maps

}
!

{
k-algebras with

algebra homomorphisms

}op
:= Algop

k ,

W 7! Pk(W ),
f ∈ Pk(W,V ) 7! f ∗ : Pk(V )! Pk(W ).

Proof. We know that Pk(W ) is a k-algebra and f ∗ an algebra homomorphism by Proposi-
tion III.22. By definition we have idW 7! id∗W = idPk(W ). Finally we get for f1 ∈ Pk(W,V ),
f2 ∈ Pk(Z,W ) and h ∈ Pk(V )

(f1 ◦ f2)∗(h) = (f ∗2 ◦ f ∗1 )(h) = (h ◦ f1) ◦ f2 = h ◦ (f1 ◦ f2) = (f1 ◦ f2)∗(h).

Theorem III.24. The functor F from Proposition III.23 is fully faithful, i.e. the map

Ω: Pk(W,V ) ! HomAlgk(Pk(V ),Pk(W ))
f 7! f ∗

is an isomorphism of k-vector spaces for all finite-dimensional k-vector spaces V and W .

Proof. Clearly Ω is lineary. We have to show that it is invertible.
Let v1, . . . , vn be a basis of V and consider the isomorphism of algebras

β : k[X1, . . . , Xn] ! Pk(V )
xj 7! ϕj.

By the universal property of the polynomial algebra we have

Ψ: Pk(W )⊕n ! HomAlgk(k[X1, . . . , Xn],Pk(w))
(f1, . . . , fn) 7! Ψ(f) := (Xj 7! fj).

On the other hand we have

Φ: Pk(W )⊕n ! Pk(W,V )

(f1, . . . , fn) 7! f := w 7!
n∑
i=1

fi(w)wi

(f1, . . . , fn)  [ f = w 7!
n∑
i=1

fi(w)wi.

As these maps are inverse Φ is a bijection. Again let f ∈ ¶k(W,V ), w ∈ W and
f(w) = ∑n

i=1 fi(w)wi. Then f ∗(ϕj)(w) = (ϕj ◦f)(w) = ϕj(f(w)) = fi(w), or f ∗(ϕj) = fj
for alle 1 ≤ j ≤ n. Therefore by definition

Ω(Ψ(f1, . . . , fn)) = Ω(f) = f ∗ = Ψ(f1, . . . , fn) ◦ β−1

because f ∗(ϕj) = Ψ(f1, . . . , fn)(β−1(ϕj) for all 1 ≤ j ≤ n (and f ∗ is an algebra homo-
morphism, hence defined by the f ∗(ϕj)).
Now Ψ is invertible, and so is Ω ◦ Φ and finally Ω.
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III.4. Covariants
Let k be a field of infinite cardinality.

Remark. Let π : W ! V be a linear map of finite-dimensional k-vector spaces. Then
π ∈ Pk(W,V ) is homogeneous of degree 1. To see this choose bases v1, . . . , vn and
w1, . . . , wm of V and W , respectively. Now we get

π

 m∑
j=1

λjwj

 =
m∑
j=1

λj π(wj)︸ ︷︷ ︸∑n

i=1 βijvi

=
n∑
i=1

 m∑
j=1

βijλj


︸ ︷︷ ︸

polynomial in λ1, . . . , λm

vi.

Let G be a group and V a finite-dimensional representation of G. Then Pk(V ) is a
representation of G via

(g.f)(v) = f(g−1.v)
for all g ∈ G, f ∈ Pk(V ) and v ∈ V . We have to show that g.f is again in Pk(V ) (the rest
is clear, since V is a representation). Now g.f = f ◦ πg−1 is a composition of polynomial
maps and therefore by Lemma III.20 polynomial.

Definition. Let G be a group and V,W finite-dimensional representations of G (over
k). A map f : W ! V is covariant if it is polynomial and G-equivariant. Denote
Covk(W,V ) = Cov(W,V ) := {f : W ! V | f covariant}.

0) If f ∈ HomG(W,V ) we have f ∈ Cov(W,V ).

1) Let V be a finite-dimensional representation of G. Then f : V ! V ⊗d given by
f(x) = x⊗d is covariant and homogeneous of degree d because

f

(
n∑
i=1

λiwi

)
=
(

n∑
i=1

λiwi

)⊗d
=

∑
I=(i1,...,id)
∈{1,...,n}d

∏
i∈I
λi︸ ︷︷ ︸

λI

⊗
i∈I

vi︸ ︷︷ ︸
vI

.

Note that
{
vi
∣∣∣ I ∈ {1, . . . , n}d} forms a basis of V ⊗d. Definite pI ∈ k[t1, . . . , tn]

by pI(t1, . . . , tn) = ta1
1 · · · tadd where ak = |{j | ij = h}|. Then pI(λ1, . . . , λn) = λI

and f is polynomial. f is G-equivariant since f(g.v) = (g.v)⊗d = g.v⊗d. Thus f is
covariant.

2) Let V = Mn×n(k) and G = GLn(k) act on V by conjugation. Then

fm : V ! V

A 7! Am

is covariant for all m ≥ 1.

Lemma III.25. Let V,W be finite-dimensional representations of a group G. Then
f : W ! V is covariant if and only if f ∗ : Pk(V )! Pk(W ) is G-invariant.
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Note: The action of G on HomAlgk(Pk(V ),Pk(W )) is given by (g.h)(ϕ) = g.(h(g−1.ϕ))
for all g ∈ G, h ∈ HomAlgk(Pk(V ),Pk(W )) and ϕ ∈ Pk(v).

Proof. Left to the reader.

Proposition III.26. Let V,W be finite-dimensional representations of a group G and
f ∈ Covk(W,V ). Then

f ∗
(
Pk(V )G

)
⊆ Pk(W )G.

Proof. Let h ∈ Pk(V )G and g ∈ G. For all w ∈ W we have

(g.f ∗(h))(w) = (g.(h ◦ f))(w) = (h ◦ f)(g−1.w) = h(f(g−1.w)) = h(g−1.f(w))
= (g.h)(f(w)) = h(f(w)) = (f ∗(h))(w).

Proposition III.27. Let V,W be finite-dimensional k-vector spaces. The Pk(W )-module
structure on Pk(W,V ) induces a Pk(W )G-module structure on Cov(W,V ) if V,W are
representations of G by restriction.

Proof. Pk(W )G is a subring of Pk(W ), and by Lemma I.8 even a subalgebra. Let
f ∈ Cov(W,V ), h ∈ Pk(W )G, g ∈ G and w ∈ W . Then we have

(h.f)(g.w) = h(g.w)f(g.w) = h(w)f(g.w) = h(w)(g.f(w)) = g.(h(w)f(v))
= g.(h.f)(w),

and hence h.f is G-equivariant.

IV. Invariants of matrix actions
Let k be a field of infinite cardinality.

Theorem IV.1 (Invariant Theorem I). Let G = SLn(k) act on Mn×n(k) by left multipli-
cation. Then

det : Mn×n(k)! k

generates Pk(Mn×n(k))G as a k-algebra and it is algebraically independent, i.e.

k[t] ! Pk(Mn×n(k))G

t 7! det

is an isomorphism of k-algebras.

Proof. Obviously, det is polynomial. It is also G-invariant, as we have (S. det)(A) =
det(S−1A) = detA for all S ∈ G and A ∈ Mn×n(k).
We have to prove that det is algebraically independent. Let p ∈ k[t] with p(det) = 0.

We get (p(det))(A) = p(det(A)) = 0 for all A ∈ Mn×n(k). Thus, p(λ) = 0 for all λ ∈ k
because det is surjective. But this implies p = 0 as k is of infinite cardinality.
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It is left to show that det generates Pk(Mn×n(k))G as an algebra. Let f ∈ Pk(Mn×n(k))G.
Since f is polynomial there exists a p ∈ k[t11, . . . , tnn] such that f(A) = p(a11, . . . , ann)
for all A = ∑

1≤i,j≤n aijEij using a basis Eij (1 ≤ i, j ≤ n).
Consider the algebra homomorphism

Ψ: k[X11, . . . , Xnn] ! k[t]

Xij 7!


0 if i 6= j

1 if i = j 6= 1
t if i = j = 1.

Set p = Ψ(p). Then p(λ) = p(diag(λ, 1, . . . , 1)) for λ ∈ k. Consider A ∈ GLn(k),
B = diag(detA, 1, . . . , 1) and S := AB−1 ∈ G. Then

f(A) = f(SB) = f(B) = p(detA) = (p(det))(A).

Therefore f = p(det) = 0 when restricted to GLn(k).
We now claim the Zariski property I : If h ∈ Pk(Mn×n(k)) such that h|GLn(k) = 0 then

h = 0. We will prove this in Corollary IV.8.
As a consequence f = p(det) as elements in Pk(Mn×n(k))G. Hence f is contained

in the subalgebra generated by det, and Pk(Mn×n(k))G is generated as an algebra by
det.

Let χA(t) = det(tIn − A) denote the characteristic polynomial of A ∈ Mn×n(k). We
can expand this to

χA(t) = tn − s1(A)tn−1 + s2(A)tn−2 − . . .+ (−1n)sn(A)

with si ∈ Pk(Mn×n(k)) for all 1 ≤ i ≤ n. For A = diag(d1, . . . , dn) we have si(A) =
e

(n)
i (d1, . . . , dn).

[October 29, 2018]
[November 5, 2018]

Theorem IV.2 (Invariant Theorem II). Let G = GLn(k) act on Mn×n(k) by conjugation
S.A = SAS−1 for S ∈ GLn(k) and A ∈ Mn×n(k). Then Pk(Mn×n(k))G is generated as a
k-algebra by s1, . . . , sn. Moreover these elements are algebraically independent over k,
i.e.

Pk(Mn×n(k))G ! k[t1, . . . , tn]
si 7! ti

is an isomorphism of k-algebras.

Proof. Obviously, si ∈ Pk(Mn×n(k)). They are G-invariant because χA(t) is invariant
under conjugation. Thus si ∈ Pk(Mn×n(k))G for all 1 ≤ i ≤ n.
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Now let us show that the si are algebraically independent. Take p ∈ k[t1, . . . , tn]
such that p(s1, . . . , sn) = 0. Then p(s1, . . . , sn)(A) = 0 for all A ∈ Pk(Mn×n(k)), so
also for all diagonal matrices diag(d1, . . . , dn). Using our observation from above we
get p

(
e

(n)
1 , . . . , e(n)

n

)
(d1, . . . , dn) = 0 for all di ∈ k. Thus p

(
e

(n)
1 , . . . , e(n)

n

)
= 0. By the

Fundamental theorem of symmetric polynomials we get p = 0 as the e(n)
i are

algebraically independent.
We still need to prove that the si generate Pk(Mn×n(k))G as an algebra. Take f ∈
Pk(Mn×n(k))G. Since it is polynomial, there exists a p ∈ k[t11, . . . , tnn] such that f(A) =
p(a11, . . . , ann) for A = (aij). Define the algebra homomorphism

Φ: k[t11, . . . , tnn] ! k[t1, . . . , tn]

tij 7!

{
ti if i = j

0 otherwise

and p := Φ(p). Hence f(diag(d1, . . . , dn)) = p(d1, . . . , dn) by definition.
Now we want to show that p is symmetric, i.e. p ∈ k[t1, . . . , tn]Sn . We already have an

isomorphism of algebras

β : k[t1, . . . , tn] ! Pk(kn)
ti 7! ϕi (coordinate function)

in standard basis. Now β is Sn-equivariant if we let Sn act on kn by permuting the
standard basis vectors ei. It is enough to show that β(p) is Sn invariant. Realise g ∈ Sn
as a permutation matrix Ag such that AgEi = Eg(i). For D = diag(d1, . . . , dn) we have
AgDAg−1 = diag

(
dg−1(1), . . . , dg−1(n)

)
. We gets

(g.β(p))(d1, . . . , dn) = β(p)
(
g−1.(d1, . . . , dn)

)
= β(p)

(
dg−1(1), . . . , dg−1(n)

)
= f

(
diag

(
dg−1(1), . . . , dg−1(n)

))
= f(Ag−1DAg)

= f
(
Ag−1D(Ag−1)−1

)
= f(D)

for all g ∈ Sn as f is G-invariant. Thus p is a symmetric polynomial.
By the Fundamental theorem of symmetric polynomials we have a q ∈

k[t1, . . . , tn] with p = q
(
e

(n)
1 , . . . , e(n)

n

)
. For D = diag(d1, . . . , dn) we have

f(D) = q
(
e

(n)
1 , . . . , e(n)

n

)
(d1, . . . , dn) = q(s1, . . . , sn)(D).

Therefore f − q(s1, . . . , sn) = 0 whe restricted to diagonal matrices.
We now claim the Zariski property II : If h ∈ Pk(Mn×n(k))G such that h|diagonal

matrices
= 0

then h = 0. We will prove this later (see Lemma IV.11).
As a consequence f − q(s1, . . . , sn) = 0 (on all matrices in Mn×n(k)). It follows that

s1, . . . , sn generate Pk(Mn×n(k))G.
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Another family of elements in Pk(Mn×n(k))GLn(k) (under conjugation action) are the
power traces

Trj : Mn×n(k) ! k

A 7! Tr(Aj).

Obviously Trj ∈ Pk(Mn×n(k)). They are GLn(k)-invariant as we have

(S.Trj)(A) = Trj(S−1AS) = Tr(S−1AjS) = Tr(Aj) = Trj(A)

for all S ∈ GLn(k) and A ∈ Mn×n(k).

Theorem IV.3. Let n ≥ 1 and k an infinite field with char k = 0 or char k > n. Then
Tr1, . . . ,Trn generate Pk(Mn×n(k))GLn(k) as a k-algebra and are algebraically independent.
Hence

k[t1, . . . , tn] ! Pk(Mn×n(k))GLn(k)

tj 7! Trj

defines an isomorphism of k-algebras.

Proof. Let D = diag(d1, . . . , dn) be a diagonal matrix. Then

Trj(D) = Tr(Dj) =
n∑
i=1

dj1 = p
(n)
j (d1, . . . , dn).

By Theorem III.14 the p(n)
i generate k[X1, . . . , Xn]Sn as a k-algebra (under the given

assumptions in k) and they are algebraically independent. Now argue as in the proof of
the Invariant Theorem II with e(n)

j replaced by p(n)
j .

Definition. Let W be a finite-dimensional k-vector space (k infinite field). X ⊆ W is
Zariski-dense (over k) if f |X = 0 implies f = 0 for all f ∈ Pk(W ). Let X ⊆ Y ⊆ W .
Then X is Zariski-dense in Y (over k) if f |X = 0 implies f |Y = 0 for all f ∈ Pk(W ).

Examples.

0) An infinite subset X ⊆ k is Zariski-dense.

1) Let U ( W be a vector subspace. Then U is not Zariski-dense in W .

Proof. Let w1, . . . , wu be a basis of U . Extend it to a basis w1, . . . , wn of W .
Consider the map

π : W ! k
n∑
i=1

λiwi 7! λnwn.

Obviously π ∈ Pk(W ). Now note that π|U = 0, but π 6= 0.

35



IV. Invariants of matrix actions

Remark. Zariski density depends on k, e.g. R ⊆ C is not dense over R but it is over
C.

Lemma IV.4. Let k be an infinite field and k ⊆ L a field extension as well as W a
finite-dimensional k-vector space. Let WL := L⊗k W .

1) kn ⊆ Ln is Zariski-dense over L for all n ≥ 1.

2) W ⊆ WL (by w 7! 1⊗ w) is also Zariski-dense over L.

Proof. Left to the reader.

Lemma IV.5. Let k be an infinite field and k ⊆ L a field extension as well as W a
finite-dimensional k-vector space. Let WL := L⊗kW . Then there exists a unique algebra
homomorphism incl : Pk(W )! PL(WL) such that the diagram

W WL

k L

can
w 7!1⊗w

f incl(f)

commutes for all f ∈ Pk(W ). Moreover incl(f) is surjective.

Proof. Let w1, . . . , wn be a basis of W . Let ϕ1, . . . , ϕn be the coordinate functions in
Pk(W ). Then 1⊗ w1, . . . , 1⊗ wn is a basis of WL. Let ψ1, . . . , ψn be the corresponding
coordinate functions in PL(WL). Define incl(ϕi) = ψj . This results in a unique k-algebra
homomorphism since the ψ1, . . . , ψn are algebraically independent over L. The map is
injective as the basis ϕai = ϕa1

i · · ·ϕani with a = (a1, . . . , an) ∈ Zn≥0 is mapped to linearly
independent elements.
Now we show that the above diagram commutes. For f ∈ Pk(W ) we write f =

p(ϕ1, . . . , ϕn) for some polynomial p ∈ k[t1, . . . , tn]. Then

(incl(f) ◦ can)
(

n∑
i=1

λiwi

)
= p(ψ1, . . . , ψn)

(
n∑
i=1

λi(1⊗ wi)
)

= p(λ1, . . . , λn),

but on the other hand

f

(
n∑
i=1

λiwi

)
= p(ϕ1, . . . , ϕn)

(
n∑
i=1

λiwi

)
= p(λ1, . . . , λn).

Finally, assume that incl′ is another such algebra homomorphism. We have incl(f) =
incl′(f) ∈ PL(WL) for all f ∈ Pk(W ). By definition (incl(f) − incl′(f))|W = 0. By
Lemma IV.4 2) W ⊆ WL is dense over L. Therefore incl(f) = incl′(f) for all f ∈
PL(WL).
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Corollary IV.6. Let k be an infinite field and k ⊆ L a field extension as well as W a
finite-dimensional k-vector space. Let WL := L⊗k W . Then

Φ: Pk(W )L ! PL(WL)
λ⊗ f 7! λ incl(f)

is an isomorphism of k-algebras.

Proof. Take k-bases ϕa and ψa of Pk(W ) and PL(WL) for a ∈ Zn≥0, respectively. Then
Φ(1 ⊗ ϕa) = incl(ϕa) = ψa, a basis vector over L. Hence Φ is an isomorphism of
k-vector spaces since it sends a basis to a basis. It is an algebra homomorphism by
Lemma IV.5.

Lemma IV.7. Let k be an infinite field and W a finite-dimensional k-vector space. For
h ∈ Pk(W ) \ {0} define Wh := {w ∈ W | h(w) 6= 0}. Then Wh ⊆ W is Zariski-dense
(over k).

Proof. Let f ∈ Pk(W ) with f |Wh
= 0. Then fh = 0 as we have (fh)(w) = f(w)h(w) = 0

for all w ∈ W . Since Pk(W ) is an integral domain we have f = 0 since h 6= 0.

Corollary IV.8. GLn(k) ⊆ Mn×n(k) is Zariski-dense (over k). This proves Zariski
property I.

Proof. Use Lemma IV.7 with W = Mn×n(k) and h = det.

[November 5, 2018]
[November 8, 2018]

In the proofs of Invariant Theorem I and Invariant Theorem II we assumed the following
properties:

Zariski property I: If f ∈ Pk(Mn×n(k)) such that f |GLn(k) = 0 then f = 0.

Zariski property II: If f ∈ Pk(Mn×n(k))GLn(k) such that f |diagonal
matrices

= 0 then f = 0.

We already proved Zariski property I in Corollary IV.8.

Lemma IV.9. Let G be a group, W a finite-dimensional representation of G over k and
f ∈ Pk(W )G.

1) If X ⊆ W such that G.X = {g.x | g ∈ G, x ∈ X} is Zariski-dense and if f |X = 0
then f = 0.

2) If there exists a Zariski-dense orbit then f is constant.

Proof.

1) As f is G-invariant we have f(g.x) = f(x) = 0 for all g ∈ G and x ∈ X. Thus,
f |G.X = 0, and f = 0 as G.X is Zariski-dense.
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2) As f is G-invariant it is constant on G-orbits. Let O be a dense G-orbit. Then
there exists a λ ∈ k such that (f − λ)|O = 0. As O is dense, we get f − λ = 0 or
f = λ.

Proposition IV.10. Let k = k. Define

Diagn(k) := {A ∈ Mn×n(k) | A diagonizable}.

Then Diagn(k) is Zariski-dense in Mn×n(k).

Proof. Let f ∈ Pk(Mn×n(k)) such that f |Diagn(k) = 0. We show that f = 0. Let
A ∈ Mn×n(k). As k = k, A has a Jordan normal form, i.e. S ∈ GLn(k) such that SAS−1

is in Jordan normal form with diagonal entries b1, . . . , bn ∈ k (not necessarily distinct).
Define functions D,M,ϕ : k ! Mn×n(k) as follows. Fix pairwise distinct a1, . . . , an ∈ k
(possible since |k| =∞). Now set

D(z) = z diag(a1, . . . , an),
M(z) = SAS−1 +D(z),
ϕ(z) = S−1M(z)S = A+ S−1D(z)S.

Note that the eigenvalues of ϕ(z) are b1 + a1z, . . . , bn + anz and ϕ(0) = A.
The eigenvalues of ϕ(z) are pairwise distinct for all but finitely many z ∈ k. To see

this choose z ∈ k such that bi + aiz = bj + ajz for i 6= j. Then z = bi−bj
aj−ai . So z is uniquely

determined by this equation.
Thus ϕ(z) ∈ Diagn(k) and f(ϕ(z)) = 0 for all but finitely many z ∈ k. Now we have

f ◦ ϕ ∈ Pk(W ) such that f ◦ ϕ vanishes on all but finitely many z ∈ k. But as |k| =∞
we get f ◦ ϕ = 0 and 0 = f(ϕ(0)) = f(A).

In particular Zariski property II holds for k = k: Take f ∈ Pk(Mn×n(k))GLn(k) such
that f |Dn(k) = 0 where Dn(k) is the set of diagonal matrices in Mn×n(k). By Lemma IV.9
we get f |Diagn(k) = 0 and by Proposition IV.10 f = 0.

Lemma IV.11. Let k be an infinite field and L = k. If f ∈ Pk(Mn×n(k))GLn(k) then
incl(f) ∈ PL(Mn×n(k))GLn(k).

We claim that this Lemma implies Zariski property II.

Proof. Let f ∈ Pk(Mn×n(k))GLn(k) such that f |Dn(k) = 0. Consider f̂ = incl(f). By
definition of incl we have f̂(A) = f(A) for all A ∈ Dn(k) (note that Dn(k) ⊆ Dn(L) =
Dn(k)L by scalar extension). Thus |̂Dn(k) = 0. As Dn(k) is Zariski-dense in Dn(L) =
Dn(k)L by Lemma IV.4 2) we get f̂ |Dn(L) = 0. Then f̂ = 0 by Lemma IV.11 and the
discussion above. As incl is injective by Lemma IV.5 we have f = 0.

Proof of Lemma IV.11. Let f ∈ Pk(Mn×n(k))GLn(k). Denote f̂ = incl(f). Define

γ : Mn×n(k)×Mn×n(L) ! L

(A,B) 7! f̂(AB)− f̂(BA).
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V. Semisimple modules and the Artin-Wedderburn theorem

We want to show that γ = 0. For S ∈ GLn(k) and A ∈ Mn×n(k) we have f(SA) =
f(SASS−1) = f(AS) as f is GLn(k)-invariant. Thus f̂(AS) = f(AS) = f(SA) = f̂(SA)
and γ(S,A) = 0 for all S ∈ GLn(k) and A ∈ Mn×n(k).
Fix S ∈ GLn(k) and define

γS : Mn×n(L) ! L

A 7! γ(S,A).

We have γS ∈ PL(Mn×n(L)) and γS|Mn×n(k) = 0. As Mn×n(k) is dense in Mn×n(k)L =
Mn×n(L) (over L) we get γS = 0. Therefore γ(S,A) = 0 for all S ∈ GLn(k) and
A ∈ Mn×n(L).
Fix A ∈ Mn×n(L) and define

γA : Mn×n(L) ! L

B 7! γ(B,A).

Again γA ∈ PL(Mn×n(L)) and γA|GLn(k) = 0. The reader may check that GLn(k) is
Zariski-dense in Mn×n(L) over L. Then γA = 0. As A as arbitrary we get γ = 0.
Now let S ∈ GLn(L) and A ∈ Mn×n(L). Then f̂(SAS−1) = f̂(AS−1S) = f̂(A), and

f̂ ∈ Pl(Mn×n(L))GLn(L).

V. Semisimple modules and the Artin-Wedderburn
theorem

In this section R is a ring with 1, but not necessarily commutative. Modules are left
modules.

V.1. Semisimple modules
Definition. An R-module M is called irreducible if M 6= 0 and if M has no other
submodules other than 0 and M .

Proposition V.1. Let M be an R-module. Then the following are equivalent:

1) M is the sum off irreducible submodules, i.e. there exists a collection (Li)i∈I of
irreducible submodules Li ⊆M such that M = ∑

i∈IMi.

2) M is isomorphic to a direct sum of irreducible R-modules, i.e. there exists a
collection (Li)i∈I of irreducible R-modules Li such that M ∼=

⊕
i∈I Li.

3) Every submodule of M has a complement, i.e. for every submodule M ′ ⊆M there
exists a submodule M ′′ ⊆M such that M ′ ∩M ′′ and M ′ +M ′′ = M .

Proof. Left to the reader.
Definition. An R-module is called semisimple if it satisfies one of the equivalent condi-
tions from Proposition V.1.
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Examples.

1) Let R = k a field. The irreducible R-modules are the 1-dimensional k-vector spaces
as every k-vector space has a basis. Thus every k-vector space is semisimple.

2) Let k be a field and

R =
{(

a b
0 c

) ∣∣∣∣∣ a, b, c ∈ k
}
.

Let M = k2 with the obvious R-module structure. Then M ′ =
〈(

1
0

)〉
k

is a proper

submodule, and M is not irreducible. But M ′ does not have a complement, thus
M ′ does not have a complement, and M is not semisimple.

3) Let G be a finite group and R = kG such that char k - |G|. By Maschke’s
theorem every finite-dimensional kG-module is semisimple.

Lemma V.2.

1) If (Mi)i∈I is a collection of semisimple R-modules then ⊕i∈IMi is semisimple.

2) Let M be semisimple and N ⊆M a submodule. Then N and M/N are semisimple.

Proof.

1) As the Mi are semisimple there exist irreducible modules L(j)
i with j ∈ Ji such that

Mi
∼=
⊕
j∈Ji L

(j)
i . Then we have

⊕
i∈I

⊕
j∈Ji

L
(j)
i =

⊕
i∈I

Mi.

2) N is semisimple: It is enough to show that any submodule of N has a complement
in N . Consider a submodule U ⊆ N which also is a submodule of M . Since
M is semisimple there exists a complement C of U in M , i.e. M = U ⊕ C as
R-modules. Set C ′ = N ∩C. We want to show that N = U ⊕C ′. Take y ∈ N .
Then we have n ∈ U and c ∈ C such that y = u+ c. Now c = y−u ∈ N since
u ∈ U ⊆ N . Then c ∈ C ∩N = C ′. We get N = U +C ′ and then N = U ⊕C ′
since U ∩ C = 0.

M/N is semisimple: We have M/N ∼= C ′ as R-modules. Since C ′ is a submodule of
N it is semisimple by 1). Hence M/N is semisimple.

[November 8, 2018]
[November 12, 2018]
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Definition. Let M be an R-module and L an irreducible R-module. Then

IsoL(M) :=
∑

E ⊆M submodule
E ∼= L as R-modules

E

is the L-isotypic component of M .

Lemma V.3 (Schur’s lemma). Let M be an irreducible R-module. Then:

1) Let N be an irreducible R-module and f : M ! N an R-module homomorphism.
Then f = 0 or f is an isomorphism.

2) EndR(M) is a skew field (i.e. a field, but the multiplication is not necessarily
commutative).

If R is moreover a k-algebra:

3) EndR(M) is a division algebra (i.e. an algebra where all nonzero elements have a
multiplicative inverse).

4) If k = k and dimkM <∞ then EndR(M) ∼= k by λidM  [ λ.

Proof. We omit the proofs of 1), 2) and 3) (see the proof of Schur’s lemma for
representations).

Now we show 4). We claim that if D is a division algebra (over k) and dimkD <∞ we
have D = k. To see this let 0 6= a ∈ D. The elements 1, a, a2, . . . , are linearly dependent
because dimkD <∞. Therefore we have a p ∈ k[t] with p(a) = 0 and p 6= 0. Since k = k
we have p(t) = ∏n

i=1(t− ai) for some ai ∈ k. Now 0 = p(a) = ∏n
i=1(a− ai), and we get

a = ai for some i. Thus a ∈ k and D = k.
Now EndR(M) ⊆ Endk(M) is finite dimensional by assumption, hence by 3) a finite

dimensional divison algebra. Our claim implies 4).

Lemma V.4. LetM be a semisimple R-module. Let ϕ : ⊕i∈I Li !M be an isomorphism
of R-modules with Li (i ∈ I) irreducible. Then

IsoL(M) = ϕ

⊕
j∈J

Lj


where J = {i ∈ I | Li ∼= L}.

Proof. Since ϕ is an R-module isomorphism (hence injective) we have ϕ(⊕i∈I Li) =⊕
i∈I ϕ(Li) and ϕ(Li) ∼= Li for all i ∈ I (by Schur’s lemma).

“⊇”: ϕ
⊕
j∈J

Lj

 =
⊕
j∈J

ϕ(Lj)︸ ︷︷ ︸
∼=Lj∼=L

=
∑
j∈J

ϕ(Lj) ⊆ IsoL(M).
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“⊆”: Assume IsoL(M) * ϕ
(⊕

j∈J Lj
)
. Then there exists a i0 ∈ I such that i0 /∈ J and

the map
f : Isol(M) ↪!M ! ϕ(Li0)

(M ! ϕ(Li0) by projection) is nonzero. Then there exists a submodule L ⊆M such
that f |L 6= 0 and f defines a nonzero R-module homomorphism L! ϕ(Li0) ∼= Li0 ,
contradictory to Schur’s lemma since i0 /∈ J .

Definition. We define

Irr(R) := { isoclasses of irre-
ducible R-modules} := {irreducibleR-modules}/∼

where L ∼ L′ if L ∼= L′ as R-modules. We often fix a system of representatives for the
isoclasses and identify the set of representatives with Irr(R).

Remark. Irr(R) is indeed a set.

Proof. Let L be an irreducible R-module. Pick 0 6= m ∈ L. This generates L as an
R-module. We get a surjective R-module homomorphism

ϕ : R ! L

1 7! m.

Henc R/kerϕ ∼= L and kerϕ = AnnR(m) is a left ideal. Since L is irreducible, kerϕ is in
fact maximal. But maximal left ideals form a set.

Example. R = k a field. If V is an R-module (i.e. k-vector space) then 〈v〉 ⊆ V is a
submodule of V for all v ∈ V . Thus Irr(R) = {k}.

Lemma V.5. Let M be a semisimple R-module. Then we have

M =
⊕

L∈Irr(R)
IsoL(M),

the isotypic decomposition.

Proof. As M is semisimple there exists an isomorphism of R-modules ϕ : ⊕i∈I Li !M
with irreducible modules Li (i ∈ I). Now group summands which belong to the same
isomorphism class in Irr(R) and use Lemma V.4.

Example. If R = k a field then

M =
⊕

L∈Irr(k)={k}
IsoL(M) = Isok(M)︸ ︷︷ ︸

k-isotypic component

and we get M ∼=
⊕
i∈I k. The existence of such an isomorphism is equivalent to the

existence of a basis. Each such iso corresponds to a choice of a basis.
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V.2. Hilbert’s theorem
Theorem V.6 (Hilbert’s theorem). Let G be a group and W a finite-dimensional repre-
sentation of G over k (k an infinite field). Assume Pk(W ) ∼=

⊕
i∈I Li as representations

of G with irreducible Li (i ∈ I). Then Pk(W )G is finitely generated as a k-algebra.

Remark. The assumption says precisely that Pk(W ) is a semisimple kG-module.

Remarks.

• If G is a finite group and char k - |G| then Pk(W ) = ⊕
d≥0Pk(W )d (see Proposi-

tion III.19) is a graded algebra with finite-dimensional homogeneous components
Pk(W )d with are then finite-dimensional representations of G.
By Maschke’s theorem Pk(W ) is semisimple and so Pk(W ) = ⊕

d≥0Pk(W )d is
semisimple by Lemma V.2.

• In the case R = kG for some group G the semisimplicity is often called complete
reducibility.

Goal. We want to find examples where Hilbert’s theorem holds. This will lead us
to reductive groups (SLn(k), GLn(k), algebraically closed fields, . . . ).

Lemma V.7. Let B = ⊕
d≥0Bd be a non-negatively graded k-algebra. Consider the

(two-sided) ideal B+ ∼=
⊕
d>0Bd. If Bd is a finitely generated ideal in B, then B is finitely

generated as a B0-algebra. Moreover one can finite a finite generating set of homogeneous
elements.

Proof. Left to the reader.

Lemma V.8. Let A be a commutative k-algebra, G a group acting on A by algebra
automorphisms. Assume A = ∑

i∈I Li as representations of G with the Li (i ∈ I)
irreducible. (i.e. A is a semisimple kG-module). Then:

1) A = AG
⊕
N as representations where AG = ∑

j∈J Lj and N = ∑
i∈I\J Li with

J = {i ∈ I | Li ∼= T} and the trivial representation T .

2) The Reynolds operator π : A ! AG (projection) satisfies π(ba) = bπ(a) for all
b ∈ AG and a ∈ A.

Proof.

1) This follows from the isotypic decomposition AG = IsoT (A) and

N =
⊕

L∈Irr(kG)
L�T

IsoL(A).
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2) For s ∈ AG consider mb : A! A by a 7! ba. This is an morphism of representations
as we have mb(g.a) = b(g.a) = (g.b)(g.a) = g.(ba) = g.mb(a) for all a ∈ A and
g ∈ G. By Schur’s lemma the restriction of mb to any Li has image isomorphic
to Li or 0. Thus mb(AG) ⊆ AG and mb(N) ⊆ N . For b ∈ AG and a ∈ A we have
π(ba) = π(ba1 +a2) = ba1 = bπ(a) where a = a1 +a2 with a1 ∈ AG and a2 ∈ N .

Proof of Hilbert’s theorem. Set A := Pk(W ). We know that A = ⊕
d≥0Ad. By

Lemma V.8 we have A = AG ⊕N (with the notation from there). If I ⊆ AG is an ideal
then

π(IA) = Iπ(A) = IAG = I (*)

using the definition of π and 1 ∈ AG. By Lemma III.5 we have AG = ⊕
d≥0A

G
d and we

can take I := AG+ = ⊕
d>0A

G
d . Then Ĩ = IA is the ideal in A generated by I. Since A is

noetherial (because A ∼= k[X1, . . . , Xn]) we can find f1, . . . , fm ∈ I which generate Ĩ (for
some m ∈ N).
We claim that f1, . . . , fm generate I as in ideal in AG. By (*) any x ∈ I is contained

in π(IA), hence x = π(∑m
i=1 fiai) for some ai ∈ A. Using Lemma V.8 2) we get

x = ∑
i=1 fiπ(ai). As π(ai) ∈ AG for all i the claim follows.

Now apply Lemma V.7 to B = AG with B+ = ⊕
d≥0A

G
d . Then AG is finitely generated

as a B0-algebra. But B0 = AG0 = A0 = k1 = k. Hence AG is a finitely generated
k-algebra.

V.3. Semisimple rings and algebras
Definition. A ring R (with 1) is semisimple if it is semisimple as a left mdoule over itself
(via the regular action given by left multiplication). In this case R = ⊕

i∈Irr(R) IsoL(R).
An algebra A is semisimple if it is semisimple as a ring.

Definition. A ring R (with 1) is simple if R 6= 0 and R = IsoL(R) for some irreducible
R-module L. An algebra is simple if it is simple as a ring.

[November 12, 2018]
[November 15, 2018]

Remark. Simple rings are semisimple.

Example.

1) R = k is a simple ring.

2) Let G finite group and k a field with char k - |G|. By Maschke’s theorem kG is
a semisimple ring.

3) Let R = Mn×n(D) with n ∈ Z>0 and D a division algebra. Then R is a simple
ring/k-algebra.
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Proof. For 1 ≤ i ≤ n let

G = {A ∈ Mn×n(D) | nonzero entries only in i-th column}.

Then R = Mn×n(D) = ⊕n
i=1Ci as R-modules because EabEji = δjbEai and Ci ∼= Dn

as R-modules and Ci ∼= Dn as R-modules by Eji 7! ej (the j-th basis vector). Now
Dn is an irreducible R-module since R acts trasitively on Dn (because then any
nonzero submodule is already Dn). Thus R ∼=

⊕n
i=1 L with L ∼= Dn irreducible,

and R is simple.

Lemma V.9. Let R be a simple ring. Then |Irr(R)| = 1.

Proof. As R is simple we have R = IsoL(R) for some irreducible R-module L by definition.
Assume that L′ is another irreducible R-module with L � L′. Then pick 0 6= m ∈ L′
and obtain a surjective R-module homomorphism R ! L′ by 1 7! m. Hence we get a
nonzero R-module homomorphism IsoL(R)! L′. Thus there exists a nonzero R-module
homomorphism L! L′ which is a contradiction to Schur’s lemma. We get L ∼= L′.

Proposition V.10. Let R be a semisimple ring and M an R-module homomorphism.
Then M is semisimple as an R-module.

Proof. Let {mi}i∈I be a set of generators of the R-module M . We get a surjective
R-module homomorphism ⊕

i∈I
R ! M

(0, . . . , 0, 1, 0, . . . , 0) 7! mj.

Now R is semisimple, and it is also semisimple as a left R-module. By Lemma V.2⊕
i∈I R is a semisimple R-module and then also the quotient M .

Proposition V.11. Let R be a semisimple ring. Then we can find irreducible R-modules
Li with i ∈ I finite such that

R ∼=
⊕
i∈I

Li.

Proof. As R is a semisimple ring we can find irreducible R-modules Li (i ∈ J) such that
ϕ : ⊕i∈J Li ! R is an isomorphism of R-modules. Write 1 = ∑

i∈J ei with ei ∈ Li and
finitely many ei nonzero. Let I = {i ∈ J | ei 6= 0}. Then

f = ϕ
∣∣∣⊕

i∈I
:
⊕
i∈I

Li ! R.

f is injective (because ϕ is) and 1 ∈ im f . We get R1 ⊆ im f because it is an R-module
homomorphism. Thus f is surjective and an isomorphism.
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Motivation. Assume R is a ring and M an R-module. Then M is an R′ := EndR(M)-
module via f.m = f(m) for all f ∈ R′ and m ∈ M . We call R′ the centralizer of the
R-action on M . What is now the centralizer of the R′-action on M? By definition we
have R′′ = EndR′(M) = EndEndR(M)(M). We are interested in situations where R′′ = R′

(the double centralizer property).

Theorem V.12 (Jacobson density theorem I). Let R be a ring with 1 andM a semisimple
R-module. Consider the map

Φ: R ! EndEndR(M)(M)
r 7! (m 7! rm).

Then the image of Φ is “dense” in the following sense: For all f ∈ EndEndR(M)(M) and
m1, . . . ,ms ∈M there exists an a ∈ R such that f(mi) = ami for all 1 ≤ i ≤ s.

Remark.

1) Consider Φ: R ! EndEndR(M)(M) ⊆ Maps(M,M) with the discrete topology.
Then im Φ is dense in EndEndR(M)(M) in the topological sense.

2) In the special case M = R (an R-module via left multiplication) the Jacobson
density theorem I gives an isomorphism of algebras

R EndEndR(M)(M) EndRR R.m7!rm id f 7!f(1)

Proof of Jacobson density theorem I. As we have Φ(r)(f.m) = Φ(r)(f(m)) =
rf(m) = f(rm) = f.(Φ(r)(m)) for all f ∈ EndR(M), m ∈ M and r ∈ R, Φ is
well-defined.

First we assume s = 1. Let m = m1 ∈ M . Since M is a semisimple R-module the
submodule Rm has a complement, i.e. M = Rm⊕ C as R-modules. Consider π : M =
Rm⊕C ! Rm ↪! R by projection. Clearly π ∈ EndR(M). For any f ∈ EndEndR(M)(M)
we have π ◦ f = f ◦ π. Thus f(m) = f(π(m)) = π(f(m)) ∈ Rm, so there exists an a ∈ R
such that f(m) = am.
For the general case let m1, . . . ,ms ∈M and f ∈ EndEndR(M)(M). Define

f̂ :=
s⊕
i=1

f : M s ! M s

(n1, . . . , ns) 7! (f(n1), . . . , f(ns)).

The reader may check that f̂ ∈ EndEndR(Ms)(M s). Using the case s = 1 there exists an
a ∈ R such that f̂((m1, . . . ,ms)) = a(m1, . . . ,ms). But we also have f̂((m1, . . . ,ms) =
(f(m1), . . . , f(ms)), so we get f(mi) = ami for all 1 ≤ i ≤ s.
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Corollary V.13. Let k be a field and A a k-algebra with 1. LetM be a finite-dimensional
semisimple A-module. Then

Φ: A ! EndEndA(M)(M)
a 7! (m 7! am)

is surjective.

Proof. We have k ⊆ EndA(M), hence EndEndA(M)(M) ⊆ Endk(M). Let m1, . . . ,ms ∈M
be a basis of M . For f ∈ EndEndA(M)(M) we find an a ∈ A such that f(mi) = ami for
all 1 ≤ i ≤ s by the Jacobson density theorem I. Now f is determined on a basis of
M , and we get f(m) = am for all m ∈M .

Theorem V.14 (Jacobson density theorem II). Let R be a ring with 1 and N a
semisimple R-module. Let n1, . . . , ns ∈ N be linearly independent over EndR(M) and
n′1, . . . , n

′
s ∈ N arbitrary. Then there is an r ∈ R such that rni = n′i for all 1 ≤ i ≤ s.

Remark. That means that N s is generated by n1, . . . , ns.

Proof. Let x = (n1, . . . , ns) ∈ N s. Now N s is semisimple. Hence Rx has a complement in
N s, say N s = Rx⊕C. Consider π : N s ! C ↪! N s by projection. Clearly π ∈ Endr(N s).
We can realize π as a matrix A = (aij) ∈ Ms×s(EndR(N)). Then ai1n1 + ai2n2 + . . . +
aisns = 0 for all 1 ≤ i ≤ s since π(Rx) = 0. Therefore aij = 0 for all 1 ≤ i, j ≤ s because
n1, . . . , ns are linearly independent over EndR(N). We get A = 0, π = 0 and C = 0, so
N s = Rx. The claim follows.

Corollary V.15 (Burnside theorem – coordinate form). Let k = k a field, V a finite-
dimensional k-vector space and A ⊆ Endk(V ) a subalgebra such that V is an irreducible
A-module. Then A = Endk(V ).

Proof. We have Endk(V ) = k by Schur’s lemma. Now Φ: A ! EndEndA(V )(V ) =
Endk(V ) is surjective by the Theorem V.14, hence an isomorphism.

Corollary V.16 (Burnside theorem – coordinate free). Let k = k and A ⊆ Mn×n(k) be
a subalgebra such that kn is irreducible as an A-module. Then A = Mn×n(k).

Corollary V.17. Let k = k, A be a k-algebra and M a finite-dimensional A-module.
Then the following are equivalent:

1) M is an irreducible A-module.

2) Φ: A! EndEndA(M)(M) is surjective.

Proof.

1) ⇒ 2): By Schur’s lemma we have EndA(M) = k, and by the Jacobson density
theorem II Φ is surjective.
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2) ⇒ 1): Let 0 6= m ∈ M . For all m′ ∈ M we have an ϕ ∈ Endk(M) such that
ϕ(m) = m′. Since Φ is surjective there exists an a ∈ A with Φ(a) = ϕ. Now
m′ = ϕ(m) = am, and M is irreducible.

Corollary V.18. Let k = k, A be a k-algebra and M a finite-dimensional irreducible
A-module. Then (dimkM)2 ≤ dimk A.

Proof. This follows from the surjectivity of A ! EndEndA(M)(M) = Endk(M) (using
Corollary V.17) because of dimk End(M) = (dimkM)2.

[November 15, 2018]
[November 19, 2018]

Lemma V.19. Let Ri (1 ≤ i ≤ n) be rings (with 1) and R := R1 × · · · ×Rn. Let 1i be
the unit in Ri ⊆ R (i.e. (1i)j = δij). Let M be an R-module. Then we have:

1) 1 = ∑n
i=1 1i is the unit in R.

2) 1iM is an Ri-module via restriction of the R-module structure.

3) M = ∑n
i=1 1iM as R-modules where R acts on the right-hand side by

(r1, . . . , rn).
n∑
i=1

mi =
n∑
i=1

rimi.

Moreover the sum is direct.

4) EndR(M) =
n∏
i=1

EndR(1iM).

5) If Mi is an Ri-module for 1 ≤ i ≤ n then ⊕n
i=1Mi is an R-module via

(r1, . . . , rn).(m1, . . . ,mn) = (r1m1, . . . , rnmn).

6) M is irreducible if and only if M = 1iM for some (unique) 1 ≤ i ≤ n and 1iM is
irreducible as an Ri-module.

7) R is semisimple if and only if each Ri (1 ≤ i ≤ n) is semisimple.

Proof. The proof is left to the reader. It is advisable to construct a bijection of sets

S1 × S2 × · · · × Sn 1:1
 ! S

where

Si := {Ri-submodules of 1iM} and Si := {R-submodules of M}.
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Corollary V.20. Let R be a ring such that

R ∼= Mn1×n1(D1)× · · · ×Mnr×nr(Dr)

as rings where ni ∈ N and the Di are skew fields. Then R is a semisimple ring. Moreover
we have |Irr(R)| = r.

Proof. We saw that Mni×ni(Di) is a simple ring. Thus it is semisimple, and R is
semisimple too.
By Lemma V.9 we have |Irr(Mni×ni(Di))| = 1 since Mni×ni(Di) is simple. Due to

Lemma V.19 6) every irreducible R-module is of the form 1iM for some 1 ≤ i ≤ n
with 1iM is irreducible as an Mni×ni(Di)-module (where Mni×ni(Di) acts by zero). This
implies |Irr(r)| ≤ r. It is now enough to show that 1iM � 1jM ′ as R-modules for
i 6= j. Assume we have an isomorphism ϕ : 1iM ! 1jM ′. For all m ∈ 1iM we get
ϕ(m) = ϕ(1im) = 1iϕ(m) = 1i(1jϕ(m)) = (1i1j)ϕ(m). But 1i1j = 0 as i 6= j. Therefore
equality holds.

V.4. Applicatons of the density theorems
Proposition V.21. Let k = k be a field and A and k-algebra. Assume that M1, . . . ,Ms

are finite-dimensional pairwise non-isomorphic irreducible A-modules. Then

Φ̂ : A !
s⊕
i=1

Endk(Mi)

a 7! ((m1, . . . ,ms) 7! (am1, . . . , ams))

is surjective.

Proof. Clearly Φ̂ is well defined since multiplication with a ∈ A is k-linear.
Now let M = ⊕s

i∈IMi. By Schur’s lemma we have
s⊕
i=1

EndA(Mi) ∼= EndA(M)

(ϕ1, . . . , ϕs) 7! ϕ̂ : (m1, . . . ,ms) 7! (ϕ1(m1), . . . , ϕs(ms)).

and since k is algebraically closed one has EndA(Mi) ∼= k by λ idMi
 [ λ. Thus

EndA(M) = ks as rings where (λ1, . . . , λs) acts on M = ⊕s
i=1Mi by multiplication.

By Corollary V.13 (since Mi and then M are finite-dimensional) we get a surjective
map Φ: A ! EndEndA(M)(M). But as EndA(M) = ks and ks ∼=

∏s
i=1 Endk(Mi) by

Lemma V.19 4) we get Φ = Φ̂.

Proposition V.22. Let K be a field and A be a finite-dimensional k-algebra.

1) Any irreducible A-module is finite-dimensional.

2) If k = k then A has only finitely many irreducible A-modules up to isomorphism.
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Proof.

1) IfM is an irreducible A-module then there exists a surjective A-module homorphism
A!M . We have dimkM ≤ dimk A <∞.

2) Let Li (1 ≤ i ≤ r be pairwise non-isomorphic A-modules. As k = k and the Li
are finite-dimensional by 1) we can apply Proposition V.21 to get a surjection
A!

⊕r
i=1 Endk(Li). But the Endk(Li) are finite-dimensional because the Li are

irreducible. We now have a surjection A! ⊕r
i=1 k

dimLi . Thus r ≤ dimk A, so the
number of irreducible A-modules (up to isomorphism) is less than dimk A.

Definition. Let R be a ring (not necessarily with 1). Then Rop denotes the opposite
ring (i.e. Rop = R as abelian groups but with multiplication a ◦op b = ba.

Facts.

1) R is unitary iff Rop is unitary.

2) (Rop)op = R

3) Rop = R iff R is commutative.

4) D is a skew field iff Dop is a skew field.

5)
(

s∏
i=1

Ri

)op

=
s∏
i=1

Rop
i for rings Ri (1 ≤ i ≤ s).

Lemma V.23. Let D be a skew field and and n ∈ N. Then

α : Mn×n(D) ! (Mn×n(Dop))op

A 7! AT

is an isomorphism of rings.

Proof. (α(AB))ij = ((AB)T )ij =
n∑
k=1

ajkbki

(α(A)ijα(B))ij = (AT ◦op B
T )ij = (BTAT )ij =

n∑
k=1

bki ◦op ajk =
n∑
k=1

ajkbki

Lemma V.24. Let R be a ring with 1. Then

Φ: EndR(R) ∼= Rop

r 7! (r′ 7! r′r)
f(1)  [ f.

Proof. Obviously, Φ is well-defined, has an inverse and is additive. We have to show that
Φ is multiplicative.

Φ(r ◦op s)(x) = Φ(sr)(x) = x(sr) = Φ(r)(xs) = (Φ(r) ◦ Φ(s)(x))(x)
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Observation. Let D be a skew field. By Schur’s lemma EndMn×n(D)(Dn) (Dn is an
irreducible module) is again a skew field. We want to study the connections between the
two.
Special cases:

n = 1: EndD(D) ∼= Dop.

D = k: We get EndMn×n(k)(kn) ∼= k by λ idMn×n(k)  [ λ because

EndMn×n(k)(kn) = {f ∈ Endk(kn) | ∀B ∈ Mn×n(k) : AfB = BAf}
∼= {A ∈ Mn×n(k) | ∀B ∈ Mn×n(k) : AB = BA}
= Z(Mn×n(k)) ∼= k.

Lemma V.25. Let D be a skew field and n ∈ N. Then

Φ: Dop ! EndMn×n(D)(Dn)

d 7! ϕd :


x1
...
xn

 7!

x1d
...
xnd


is an isomorphism of rings.

Proof. Let πi : Dn ! D be the projection onto the i-th component. Φ is well-defined as
we have

ϕd

A

x1
...
xn


 =


(∑n

i=1 a1ixi)d
...

(∑n
i=1 anixi)d

 =


∑n
i=1 a1i(xid)

...∑n
i=1 ani(xid)

 = Aϕd



x1
...
xn


.

Clearly, Φ is additive. We show that it is multiplicative.

Φ(d1 ◦op d2)



x1
...
xn


 = Φ(d2d1)



x1
...
xn


 =


x1d2d1

...
xnd2d1

 = (ϕd1 ◦ ϕd2)



x1
...
xn




= (Φ(d1) ◦ Φ(d2))



x1
...
xn




For injectivity assume that Φ(d1) = Φ(d2). We get d1 = πi(ϕd1(ei)) = πi(ϕd2(ei)) = d2.
For surjectivity let f ∈ EndMn×n(D)(Dn). Then f is D-linear with D ⊆ Mn×n(D) via
d 7! diag(d, . . . , d). Let di := π(f(ei)). Then f(ei) = f(Eijei = diei. Now we get

f



x1
...
xn


 =

n∑
i=1

f(xiei) =
n∑
i=1

xieidi =


xidi
...

xndn

 .
But for all i, j we have di = πi(f(ei)) = πi(f(Eijej)) = πi(Eijf(ej)) = πi(Eijejdj) = dj.
Thus f = Φ(d) with d = d1 = . . . = dn.
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Theorem V.26 (Artin-Wedderburn theorem). Let R be a semisimple ring with 1. Then
there is an isomorphism of rings

R ∼= Mn1×n1(D1)× · · · ×Mnr×nr(Dr)

for some ni ∈ N, r ∈ N and some skew fields Di (1 ≤ i ≤ r). Moreover the
(n1, D1), . . . , (nr, Dr) are unique up to permutation and isomorphism of skew fields.

Corollary V.27. Let R be a semisimple ring. Then Rop is semisimple.

Proof. This follows from the Artin-Wedderburn theorem, Corollary V.20 and
Lemma V.23.

Corollary V.28. Let A be a finite-dimensional semisimple k-algebra with k = k. Then
there exists an isomorphism of k-algebras A ∼= Mn1×n1(k) × . . . ×Mnr×nr(k) for some
ni, r ∈ N.

Proof. By the Artin-Wedderburn theorem we have A ∼= Mn1×n1(D1) × · · · ×
Mnr×nr(Dr) as rings and also as k-algebras (we will show this in the proof) for some skew
fields Di and ni, r ∈ N. It is finite-dimensional since A is finite-dimensional. Now k = k
implies Di = k for all 1 ≤ i ≤ r.

Corollary V.29. Let A be a finite-dimensional semisimple k-algebra with k = k. Then
A has finitely many pairwise non-isomorphic left ideals I1, . . . , Ir and A ∼= Mn1×n1(I1)×
. . .×Mnr×nr(Ir).

[November 19, 2018]
[November 22, 2018]

Proof of the Artin-Wedderburn theorem.

Existence: As R is semisimple there exists a finite set I and irreducible R-modules
L′i (i ∈ I) such that R ∼=

⊕
i∈I L

′
i by Proposition V.11. We group isomorphic

summands and get R ∼= L⊕n1
i ⊕ . . .⊕ L⊕nrr for irreducible pairwise non-isomorphic

R-modules Li and ni ∈ N (isotypic decomposition).
By Schur’s lemma EndR(Li) is a skew field. We set Di := EndR(Li)op. Using
EndR(L⊕nii ) ∼= Mni×ni(EndR(Li)) ∼= Mni×ni(D

op
i ) (as rings), Lemma V.23 and

Lemma V.24 we get

R ∼= (Rop)op ∼= (EndR(R))op

∼=
(
EndR

(
L⊕n1
i ⊕ . . .⊕ L⊕nrr

))op

∼= (Mn1×n1(Dop
i )× · · · ×Mnr×nr(D

op
i ))op

∼= (Mn1×n1(Dop
i ))op × · · · × (Mnr×nr(D

op
i ))op

∼= Mn1×n1(D1)× · · · ×Mnr×nr(Dr) (1)

as rings.
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Uniqueness: Assume
R ∼= Mm1×m1(C1)× · · · ×Mms×ms(Cs) (2)

for some skew fields Ci and mi, s ∈ N. By Corollary V.20 we have r = |Irr(R)| = s
and Di

∼= EndR(Li)op (see above) where Irr(R) = {L1, . . . , Lr}. Now consider
(2). The irreducible modules are exactly the irreducible Mmi×mi(Ci)-modules Cmi

i

viewed as modules for (1) (use Irr(Mmi×mi(Ci)) ∼= Cmi). But due to Lemma V.25
we have EndMmi×mi (Ci)(C

mi
i ) ∼= Cop

i . Thus there exists a permutation σ ∈ Sr such
that Di

∼= Cσ(i) and also ni = mσ(i) since the dimensions of the irreducible modules
agree.

Hence we proved: If R ∼= L⊕n1
1 ⊕ . . .⊕ L⊕nrr with irreducible pairwise non-isomorphic

R-modules Li then |Irr(R)| = r and

R ∼= Mn1×n1(EndR(L1)op)× · · · ×Mnr×nr(EndR(Lr)op).

Remark. If R is also a finite-dimensional k-algebra then EndR(Li) is a divison algebra.
All involved isomorphisms are linear, hence we get an algebra homomorphism.

Proof of Corollary V.29. As A is semisimple there exists an isomorphism ϕ : A ∼= L⊕n1
1 ⊕

. . .⊕ L⊕nrr where the Li are irreducible pairwise non-isomorphic A-modules (r is finite
since A is finite-dimensional). Then ϕ−1(Li) ⊆ A is an A-submodule, hence a left ideal
Ii of A and I is minimal, since Li is irreducible. The Ii are pairwise non-isomorphic
as the Li are so. Moreover these must be all minimal ideals (up to isomorphism) since
A = ⊕r

i=1 I
⊕ni
i and by the Artin-Wedderburn theorem A has precisely r irreducible

representations (up to isomorphism).

Corollary V.30. Let R be a simple ring. Then R ∼= Mn×n(D) as rings for some unique
n ∈ N and (up to isomorphism) unique skew field D.

Proof. As R is simple it is semisimple and |Irr(R)| = 1. Then we apply the Artin-
Wedderburn theorem.

V.5. Application: Brauer groups
Definition. A k-algebra is central-simple if it is a finite-dimensional simple algebra and
Z(A) = k.

Examples. Consider A = k or A = Mn×n(k).

Lemma V.31. Let A,B be finite-dimensional k-algebras. Then Z(A)⊗Z(B) = Z(A⊗B)
(as subsets of A⊗B).

Proof.

“⊆” Clear.
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“⊇” Let z ∈ Z(A⊗B). We write z = ∑n
i=1 ai ⊗ bi where ai ∈ A, bi ∈ B and the bi are

linearly independent. For all a ∈ A we have

az =
n∑
i=1

aai ⊗ bi = (a⊗ 1)z = z(a⊗ 1) =
n∑
i=1

aia⊗ bi

and aai = aia for all 1 ≤ i ≤ n since the bi are linearly independent. This implies
ai ∈ Z(A) for all 1 ≤ i ≤ n, and similarly bi ∈ Z(B) for all 1 ≤ i ≤ n. Therefore
z = ∑n

i=1 ai ⊗ bi ∈ Z(A)⊗ Z(B).

Lemma V.32. Let A and B be central-simple algebras. Then A⊗B is central-simple.

Proof. It is clear that A⊗B is finite dimensional. We have Z(A⊗B) = Z(A)⊗ Z(B) =
k ⊗ k = k. We still have to show that A⊗B is a simple algebra. It is enough to show
that A⊗B is “simple” (i.e. 0 and A⊗B are the only two-sided ideals).

Now let 0 6= I ⊆ A⊗B be a two-sided ideal. We want to show that I = A⊗B. Any
0 6= u ∈ I can be written as u = ∑n

i=1 ai ⊗ bi where ai ∈ A, bi ∈ B and the bi are linearly
independent. We pick u with a minimal such representation (with respect to n). Now
ai 6= 0 for all 1 ≤ i ≤ n and Aa1A = A because A is simple and therefore “simple”. Hence
there exist c, c′ ∈ A with ca1c

′ = 1. Let x := (c ⊗ 1)a(c′ ⊗ 1) = ∑n
i=1 caic

′ ⊗ b and we
have x = 1⊗ b1 + a′2 ⊗ b2 + . . .+ a′n ⊗ bn for some a′i ∈ A. Note that x 6= 0 since the bi
are linearly independent. We get

(a⊗ 1)x− x(a⊗ 1) = (aa′2 − a′2a)⊗ b2 + . . .+ (aa′n − a′na)⊗ bn = 0

by assumption for all a ∈ A. Thus aa′i− a′ia = 0 for all 2 ≤ i ≤ n since the bi are linearly
independent and a′i ∈ Z(A) = k since A is central simple. Now we can write x = 1⊗ b for
some b ∈ B (b 6= 0 as x 6= 0). We have BbB = B since B is simple and hence “simple”.
This implies I ⊇ (1⊗B)x(1⊗B) = I ⊗B and I ⊇ (A⊗ 1)(1⊗B) = A⊗B. Therefore
we get I = A⊗B.

Definition. Let A and B be central-simple algebras. We call A and B Brauer equivalent
(A ∼ B) if A ∼= Mn×n(D) and B ∼= Mm×m(C) with C ∼= D as skew fields.

Definition. The Brauer group Br(k) (k a field) has the equivalence classes of ∼ as
elements. The composition is given by [A] ◦ [B] = [A⊗B]. The neutral element is [k],
and the inverse of [A] is [Aop].

Proof that Br(k) is indeed a group. By Lemma V.32 A⊗B is again central-simple, hence
[A] ◦ [B] = [A⊗B] is defined. The reader may check that [A] ◦ [B] is independent of the
choice of the representants.
The composition is commutative (A⊗B ∼= B ⊗ A). Thus Br(k) is abelian.
k is the neutral element, since [A⊗ k] = [A].
For the inverse we use the folowing claim: For any finite-dimensional central-simple

algebra A with n = dimk A we have an isomorphism

γ : A⊗ Aop ∼= Endk(A)
a⊗ b 7! (x 7! axb).
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We check that γ is injective. Obviously γ 6= 0. ker γ is a two-sided ideal (the calculation
is left to the reader). But A and Aop and hence A⊗Aop are central-simple, thus kerϕ = 0.
As dimk(A⊗ Aop) = dimk(Endk(A)) we get that γ is indeed bijective.

Examples. Let k be an algebraically closed field. By the Artin-Wedderburn
theorem we get Br(k) = {[k]}.

Without going into detail one has Br(R) = {[R], [H]} ∼= Z/2Z.

[November 22, 2018]
[November 26, 2018]

VI. The double centralizer theorem
Definition. Let k be a field, W a k-vector space and S ⊆ Endk(W ) a subset. Then

S ′ := {ϕ ∈ Endk(W ) | ∀s ∈ S : ϕ ◦ s = s ◦ ϕ}

is the commutant or centralizer of S in Endk(W ). We abbreviate (S ′)′ = S ′′ and so on.

Facts.

1) S ′ ⊆ Endk(W ) is a subalgebra.

2) Let T ⊆ S ⊆ Endk(W ) be subsets. Then S ′ ⊆ T ′.

3) S ⊆ T ′ ⇒ T ⊆ S ′.

4) S ⊆ S ′′.

5) S = S ′′′.

6) S = T ′ ⇔ T = S ′.

Proof.

1), 2) Clear.

3) S ⊆ T ′ ⇔ ∀s ∈ S : ∀t ∈ T : st = ts⇔ ∀t ∈ T : ∀s ∈ Sst = ts⇔ T ⊆ S ′.

4) S ′ ⊆ S ′ ⇒ S ⊆ S ′′.

5) S ′ ⊆ (S ′)′′ = S ′′′ and S ⊆ S ′′ implies (S ′′)′ ⊆ S ′.

6) S = T ′ ⇒ S ′′ = (T ′)′′ = T ′ ⇒ T = S ′.
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Remark. Let V be an A-module (A a k-algebra) and also a B-module (B a k-algebra).
If the actions of A and B commute (i.e. ab = ba for all a ∈ A, b ∈ B) where a ∈ and
b ∈ B denote the corresponding action in EndA(V ) then V is an A⊗B-module given by
a⊗ b.v = abv = bav for all v ∈ V . The reader may check the details.

Lemma VI.1. Let A and B be k-algebras (k any field), M an A-module and N a B-
module. Then M ⊗N is an A⊗ B-module via a⊗ b.m⊗ n = am⊗ bn for all m ∈ M
and n ∈ N .

Proof. One could do explicit calculations, but we will give a better proof. M being an
A-modue means a choice of an algebra homomorphism ϕ : A! Endk(M). Similarly we
get an algebra homomorphism ψ : B ! Endk(N). Then consider

A⊗B Endk(M)⊗ Endk(N)

Endk(M ⊗N).

ϕ⊗ψ
∼=

Example. Let G and H be groups with representations M and N over a fixed field k,
respectively. Note that

kG⊗ kH ∼= k(G⊗H)
g ⊗ h 7! (g, h)

as algebras. M ⊗N is an kG⊗ kH-module and hence a representation of G⊗H.

Theorem VI.2 (Double centralizer theorem). Let k be a field andW a finite-dimensional
k-vector space. Let A ⊆ Endk(W ) be a subalgebra. Then the following holds:

1) A′ is a semisimple algebra (a subalgebra of Endk(W )).

2) A′′ = A.

Now let k be algebraically closed.

3) There is a decomposition of A⊗ A′-modules

Φ: W ∼=
r⊕
i=1

Li ⊗ L′i

(isomorphism as A⊗A′-modules) such that L1, . . . , Lr are pairwise non-isomorphic
irreducible A-modules and L′1, . . . , L′r are pairwise non-isomorphic irreducible A′-
modules.

4) The L1, . . . , Lr and L′1, . . . , L
′
r are precisely the irreducible A-modules and A′-

modules up to isomorphism. Hence in particular |Irr(A)| = |Irr(A′)|.
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Remark. More generally if k is an arbitrary field we can replace Φ by Φ′ : W ∼=⊕r
i=1 Li ⊗Di L′i for division algebras Di := EndA(Li). Moreover this isomorphism is the

isotypic decomposition for W as an A-module, but also as an A′-module.

Remark. Let A be a k-algebra, M an A-module and N a k-vector space. Then
Lemma VI.1 gives an A-module structure on M ⊗N (A-modules are A⊗k-modules), the
multiplicity space. Note that M ⊗N ∼= M

⊕
dimN as A-modules if N is finite-dimensional.

To see this choose bases {mi} of M and {ni} of N and send mi ⊗ nj to δjmi.

Proof of the Double centralizer theorem. As A is a semisimple algebra any A-
module is semisimple. We get

W ∼=
s⊕
i=1

L⊕nii (*)

for some ni, s ∈ N and pairwise non-isomorphic irreducible A-modules Li.

1. s = |Irr(A)|.
By the Artin-Wedderburn theorem we have A ∼=

∏r
i=1Ri for some m ∈ N

and Ri
∼= Mmi×mi(Ci) where Ci is a division algebra and the (mi, Ci) are unique

up to permutation and isomorphism of division algebras. Then |Irr(A)| = m and
so s ≤ m (by definition of s). Since A ⊆ Endk(W ) is a subalgebra with have that
1iW 6= 0 for any 1 ≤ i ≤ s (1i is the unit in Ri). Therefore 1iW contains an
irreducible Ri-module. For any irreducible Ri-module Ui (1 ≤ i ≤ s) there is an
R-submodule in W which is isomorphic to Ui as an Ri-module. Thus s = m and
|Irr(A)| = s.

2. A′ is a semisimple algebra and |Irr(A′)| = |Irr(A)|.
Using the Artin-Wedderburn theorem, Schur’s lemma and (*) we get an
isomorphism of algebras

A′ = {b ∈ Endk(W ) | ∀a ∈ A : ba = ab} = EndA(W )

∼=
s∏
i=1

Mni×ni(EndA(Li)) =
S∏
i=1

Mni×ni(Di)

where Di := EndA(Li) are division algebras. By Corollary V.20 A′ is semisimple
and |Irr(A′)| = |Irr(A)|.

3. If U ⊆ W is an irreducible A-module, then HomA(U,W ) is an irreducible A′-module
with action given by (β.f)(u) = β(f(u)) for f ∈ HomA(U,W ), β ∈ A′ and u ∈ U .
This action is well-defined as we have

(β.f).(au) = β(f(au)) = β(af(u)) = aβ(f(u)) = a(β.f)(u).

For irreducibility it is enough to show that for any nonzero f1, f2 ∈ HomA(U,W )
there exists a β ∈ A′ such that β.f1 = f2. For 0 6= u ∈ U set v1 := f1(u) and
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v2 := f2(u). Since W is semisimple we get W = Av1 ⊕ C for some A-module C.
Now define

β : W = Av1 ⊕ C ! W

av1 7! v2

c 7! c.

This is obviously k- and A-linear, hence β ∈ A′. Now (β.f1)(u) = β(f1(m)) = v2 =
f2(u) and thus f1(au) = f2(au) for all a ∈ A because β and f1 are A-linear. As U
is irreducible we get βf1 = f2.

4. L′i ∼= HomA(Li,W ) is an irreducible A′-module by 3.. Since Li is a left Di-module,
L′i is a right Di-module and hence a left Dop

i -module. Therefore Li ⊗Dop
i
L′i makes

sense.

5. Li⊗Dop
i
L′i is an A⊗A′-module via (a⊗ b).(m⊗n) = am⊗ bn for allm ∈M , n ∈ N ,

a ∈ A and b ∈ A′.
If k is algebraically closed then Di = k = Dop

i and it is clear by Lemma VI.1. For
the general case we have to check that the action is well-defined. Let ϕ ∈ Dop

i ,
f ∈ L′i, a ∈ A and b ∈ A′. On the one hand, we have

(a⊗ b)(xϕ⊗ f) = (a⊗ b)(ϕ(x)⊗ f) = aϕ(x)⊗ bf,

on the other hand,

(a⊗ b)(x⊗ ϕf) = (a⊗ b)(x⊗ (f ◦ ϕ)) = (ax⊗ (f ◦ ϕ)) = ax⊗ (bf)(ϕ)
= ax⊗ ϕ.(bf) = ax⊗⊗bf = ϕ(ax)⊗ bf = aϕ(x)⊗ bf.

6. The map

Φi : Li ⊗Dop
i
L′i ! W

x⊗ f 7! f(x)

is an A-module homomorphism (since Φi(ax⊗ f) = f(ax) = af(x) = aΦi(x⊗ f).
By Schur’s lemma we have im Φi ⊆ IsoLi(W ). We claim im Φi = IsoLi(W ).
Let f1, . . . , fs be a basis of HomA(i,W ) ∼=

⊕s
i=1 L

⊗ni
i . Then

fi(x) =

xi := (0, . . . , 0, x, 0, . . . , 0) if fi is contained in the i-th copy
of L′i =

⊕ni

i=1 HomA(Li, Li),

0 otherwise.
∈ L⊕nii

7. Φi is injective and we get an isomorphism

Φ :=
s⊕
i=1

Φi :
s⊕
i=1

Li ⊗Dop
i
L′i ! W

xi ⊗ fi 7! fi(xi)
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and moreover Φi and Φ are A⊗ A′-module homomorphisms.
First, assume that k is algebraically closed. Then by 6. Φi is surjective and we
have

dim(Li ⊗ L′i) = (dimLi) (dimL′i)︸ ︷︷ ︸
ni

= dim L⊕nii︸ ︷︷ ︸
IsoLi (W )

.

Thus Φi and then Φ is bijective.
Now let k be arbitrary. By 3. L′i is an irreducible A′-module on Mni×ni(Di) (see 2.
acts non-trivially. We get L′i ∼= Dni

i as Mni×ni(Di)-modules. In particular one has
Li ⊗Dop

i
Dni
i
∼= L⊕nii and we get dim(Li ⊗Dop

i
Dni
i = ni dimLi = dim IsoLi(W ).

We still have to show that Φ is an homomorphism of A⊗A′-modules. It suffices to
show that the Φi are A⊗ A′-module homomorphisms. Let xi ∈ Li, fi ∈ L′i, a ∈ A
and b ∈ A′. Then

Φi(a.(xi ⊗ fi)) = Φi(axi ⊗ fi) = fi(axi) = afi(xi) = a.Φi(xi ⊗ fi)
= Φi(b.(xi ⊗ fi)) = Φ(xi ⊗ bfi) = (bfi)(xi) = b.fi(xi)
= b.ϕ(xi ⊗ fi).

8. A = A′′.
It is clear that A ⊆ A′′. As A is semisimple we have A ∼=

∏s
i=1 Mmi×mi(Ci) by

the Artin-Wedderburn theorem for some division algebras Ci, ni ∈ N and
r = |Irr(A)|. Also W ∼=

⊕s
i=1 L

ni
i and we get Li ∼= Cmi

i after renumbering. Now

Di = EndA(Li) ∼= End∏s

j=1 Mmj×mj(C
mj
j )(Cmi

i ) = EndMmi×mi (Ci)(C
mi
i ) = Cop

i .

By 2. one has
A′ =

s∏
i=1

Mni×ni(Di) ∼=
s∏
i=1

Mni×ni(C
op
i ).

We can now apply the same argument for A′ instead of A and get

A′′ ∼=
s∏
i=1

Mqi×qi((C
op
i )op) and W ∼=

s⊕
j=1

(L′i)
qi

as A-modules. But by 7. we have

W ∼=
s⊕
i=1

Li ⊗Dop
i
L′i
∼=

s⊕
i=1

Cmi
i ⊗Ci L′i ∼=

s⊕
i=1

(L′i)
mi

and therefore ai = mi for all 1 ≤ i ≤ s. Therefore A ∼= A′′, which implies A = A′′

as they are finite-dimensional and A ⊆ A′′.

[November 26, 2018]
[November 29, 2018]
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Corollary VI.3. Let G and H be finite groups and k an algebraically closed field with
char k - |G| · |H|. Then for any two irreducible finite-dimensional representations V
of G and W of H we have an irreducible representation V ⊗ W of G × H given by
(g, h)(v ⊗w) = gv ⊗ hw. Every irreducible finite-dimensional representation of G×H is
of this form.

Proof. Consider the algebra homomorphisms kG! Endk(V ) and kH ! Endk(W ). As
V and W are irreducible and finite-dimensional they are surjective. Now

kG⊗ kH Endk(V )⊗ Endk(W )

k(G×H) Endk(V ⊗W ).

∼= ∼=
Thus V ⊗W is an irreducible representation of G⊗H.

The converse (to be shown using the Double centralizer theorem) is left to the
reader.

Motivation and applications of the next result
Let k = C, V = C2 and v1, v2 the standard basis. Consider two actions on V ⊗ V :

• Let G = GL(V ) = GL2(C) act on V in a natural way. Consider the action on
V ⊗ V by g.(v ⊗ w) = gv ⊗ gw for g ∈ G and v, w ∈ V . This yields a group
homomorphism

α : GL(V ) ! GL(V ⊗ V ) ⊆ Endk(V ⊗ V )
g 7! α(g) : v ⊗ w 7! gv ⊗ gw.

Let 〈GL(〈v〉)〉 be the subalgebra of Endk(V ⊗V generated by imα = im(kGL(V )!
Endk(V ⊗ V )).

• Define an action of S2 = {e, s} on V ⊗V by s.(v⊗w) = w⊗ v. Consider the group
homomorphism

β : S2 ! GL(V ⊗ V ) ⊆ Endk(V ⊗ V ).

Let 〈S2〉 be the subalg of Endk(V ⊗V ) generated by im β = im(kS2 ! Endk(V ⊗V ).

Note that for g ∈ GL(V ) we have

(α(g) ◦ β(s))(v ⊗ w) = α(g(w ⊗ v)) = gw ⊗ gv = (β(s) ◦ α(g))(v ⊗ w).

and hence imα ⊆ (im β)′ = 〈S2〉′ or 〈GL(V )〉 ⊆ 〈S2〉′. One can show that equality holds.
Decompose V ⊗ V as a representation of S2.

V ⊗ V = C(v1 ⊗ v1)⊕ C(v2 ⊗ v2)⊕ C(v1 ⊗ v2 + v2 ⊗ v1)⊕ C(v1 ⊗ v2 − v2 ⊗ v1).
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The first three summands are isomorphic to triv (the 1-dimensional trivial representation)
and the last one is isomorphic to sign (the 1-dimensional sign representation). Therefore
(using multiplicity spaces)

V ⊗ V ∼= triv⊕ triv⊕ triv⊕ sign ∼= triv⊗C3 ⊕ sign⊗C.

Decompose V ⊗ V as a representation of GL(V ). Consider

S2V = (T(v)/(v⊗w−w⊗v))2 = V⊗V/(v⊗w−w⊗v),

Λ2V = (T(v)/(v⊗w+w⊗v))2 = V⊗V/(v⊗w+w⊗v).

One can see

S2V ∼= 〈v1 ⊗ v1, v2 ⊗ v2, v1 ⊗ v2 + v2 ⊗ v1〉 and Λ2V ∼= 〈v1 ⊗ v2 − v2 ⊗ v1〉

as representations of GL(V ).
We get a decomposition of V⊗V as a representation of S2⊗GL(V ) (or as 〈S2〉⊗〈GL(V )〉-

modules)
V ⊗ V ∼= triv⊗S2V ⊕ sign⊗Λ2V.

One can show that S2V and Λ2V are irreducible representations of GL(V ). Then the
above decomposition is the decomposition into isotypic components.

Generalization. Let k be any field, V a finite-dimensional k-vector space and d ∈ Z≥0.
Consider V ⊗d as a representation of GL(V ) via g(v1 ⊗ . . .⊗ vd) = gv1 ⊗ . . .⊗ gvd. Let
α : GL(V )! GL(V ⊗d) ⊆ Endk(V ⊗d) and 〈GL(v)〉 be the subalgebra generated by imα.
V ⊗d becomes a representation of Sd via σ(v1⊗ . . .⊗vd) = vσ−1(1)⊗ . . .⊗vσ−1(d). Consider
the group homomorphism β : Sd ! GL(V ⊗d) ⊆ Endk(V ⊗d) and the subalgebra 〈Sd〉
generated by im β. For g ∈ GL(V ) and σ ∈ Sd we obtain

(α(g) ◦ β(σ))(v1 ⊗ . . .⊗ vd) = (β(σ) ◦ α(g))(v1 ⊗ . . .⊗ vd)

and thus 〈GL(V )〉 ⊆ 〈Sd〉′ and 〈Sd〉 ⊆ 〈GL(V )〉′.

Theorem VI.4 (Schur-Weyl duality). Let k be an infinite field, V a finite-dimensional
k-vector space and d ∈ Z≥0.

1) EndSd(V ⊗d) = 〈GL(V )〉.

2) If char k = 0 or char k > d we have EndGL(V )(V ⊗d) = 〈Sd〉.

[November 29, 2018]
[December 3, 2018]
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Remark. Assume that char k = 0 or char k > d. Then it follows from the Schur-
Weyl duality that the double commutant property holds, as we have 〈GL(V )〉′′ =
EndGL(V )

(
V ⊗d

)′
= 〈Sd〉′ = EndSd(V ⊗d) and similarly 〈Sd〉′′ = 〈Sd〉.

Proof.

1) The isomorphism of isomorphism of vector spaces

Φ: Endk(V )⊗d ! Endk
(
V ⊗d

)
f1 ⊗ . . .⊗ fd 7! (v1 ⊗ . . .⊗ vd 7! f1(v1)⊗ . . . fd(vd))

is Sd-equivariant where Sd acts on Endk
(
V ⊗d

)
by (σf)(x) = σ(f(σ−1x)) with

σ ∈ Sd, x ∈ V ⊗d and f ∈ Endk
(
V ⊗d

)
and on Endk(V )⊗d by σ(f1 ⊗ . . . ⊗ fd) =

fσ−1(1) ⊗ . . .⊗ fσ−1(d). To show this take σ ∈ Sd. On the one hand,

Φ(σf)(v1 ⊗ . . .⊗ vd) = Φ
(
fσ−1(1) ⊗ . . .⊗ fσ−1(d)

)
(v1 ⊗ . . .⊗ vd)

= fσ−1(1)(v1)⊗ . . .⊗ fσ−1(d)(vd),

and on the other hand,

(σΦ(f))(v1 ⊗ . . .⊗ vd) = σ
(
Φ(f)(vσ(1) ⊗ . . .⊗ vσ(d))

)
= σ

(
f1(vσ(1))⊗ . . .⊗ fd(vσ(d))

)
= fσ−1(1)(v1)⊗ . . .⊗ fσ−1(d)(vd).

Corollary VI.5. Φ induces an isomorphism of k-vector spaces(
Endk(V )⊗d

)Sd ∼= (
Endk

(
V ⊗d

))Sd = EndSd
(
V ⊗d

)
.

Proof. Take invariants for the isomorphism above.

Now 〈GL(V )〉 ⊆ EndSd
(
V ⊗d

)
= S ′d by definition since the GL(V )- and the Sd-

action commute. The image of the map

F : GL(V ) ! Aut
(
V ⊗d

)
⊆ Endk

(
V ⊗d

) ∼= Endk(V )⊗d

ϕ 7! ϕ⊗d

is obviously contained in
(
Endk(V )⊗d

)Sd . It is now enough to see that the image

of 〈GL(V )〉 is the whole of Endk
(
V ⊗d

)Sd = EndSd
(
V ⊗d

)
. Now E := Endk(V ) is a

finite-dimensional vector space and GL(V ) ⊆ E is a Zariski-dense subset. Then by
Lemma VI.6 we get an isomorphism of vector spaces 〈GL(V )〉 ∼=

(
Endk(V )⊗d

)Sd ∼=
EndSd

(
V ⊗d

)
via F and Φ.
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2) As char k - |Sd| = d!, kSd is a semisimple algebra, and A := 〈Sd〉 is semisimple
(note that 〈Sd〉 is a quotient of kSd). By 1) we get A′ = EndSd

(
V ⊗d

)
= 〈GL(V )〉.

Thus EndGL(V )
(
V ⊗d

)
= 〈GL(V )〉′ = A′′ = A be the Double centralizer

theorem.

Lemma VI.6. Let k be an infinite field, d ≥ 1, E a finite-dimensional vector space and
X ⊆ E a Zariski-dense subset (over k). Then the vector space

(
E⊗d

)Sd (the vector space
of symmetric tensors) is generated as a vector space by the elements

{
x⊗d

∣∣∣ x ∈ X} ⊆(
E⊗d

)Sd.
Proof. Let e1, . . . , en be a basis of E. Then B = {ei1 ⊗ . . . ⊗ eid | 1 ≤ ij ≤ n} is
a k-basis of E⊗d. Obviously B is an invariant subset of E⊗d under Sd-action (by
permuting the factors). Two vectors from B are in the same Sd-orbit if and only if the
number of factors equal to ei agree in the two basis vectors for each i. In particular
every orbit contains a (unique) element of the form eµ = e⊗µ1

1 ⊗ . . . ⊗ e⊗µnn for some
µ = (µ1, . . . , µn) ∈ Nn0 with ∑n

i=1 µi = d. Let aµ := ∑
ω∈Sd/Sµ1×...×Sµn

ω(eµ). It is easy to
see that {aµ | µ ∈ Nn0 ,

∑n
i=1 µ1 = d} forms a basis of

(
E⊗d

)Sd .
Let Sym :=

(
E⊗d

)Sd and U :=
{
x⊗d

∣∣∣ x ∈ X}. We have to show that U = Sym.
“⊆” Obvious.

“⊇” It is enough to show that if f : Sym ! k is k-linear then f |u = 0 implies f = 0.
To see this, assume U ( Sym and pick a basis {ui | i ∈ I} of U and extend it by
uj (j ∈ J) to a basis of Sym. Then

f(us) =
{

0 if s ∈ I
1 if s ∈ J

with s ∈ I ∪ J defines a map Sym! k such that f |U = 0 but f 6= 0.
Let now f : Sym! k be k-linear such that f |U = 0. Then f(x⊗ . . .⊗ x) = 0 for
all x ∈ X. Write x = ∑n

i=1 xiei. Then

x⊗ . . .⊗ x =
∑
µ∈Nn0 ,∑n

i=1 µi=d

xµ1
1 · · ·xµnn aµ.

Consider p ∈ Pk(E) defined by

p

(
n∑
i=1

yiei

)
=
∑
µ∈Nn0 ,∑n

i=1 µi=d

f(aµ)yµ1
1 · · · yµnn .

Then in particular

0 = f(x⊗ . . .⊗ x) =
∑
µ∈Nn0 ,∑n

i=1 µi=d

f(xµ1
1 · · ·xµnn aµ) =

∑
µ∈Nn0 ,∑n

i=1 µi=d

f(aµ)xµ1
1 · · ·xµnn = p(x).

63



VI. The double centralizer theorem

Therefore p(x) = 0 for all x ∈ X, and p = 0 (as an element in Pk(E)). This implies
f(aµ) = 0 for all µ ∈ Nn0 with ∑n

i=1 µi = d. Thus f = 0 since the aµ form a basis of
Sym.

Corollary VI.7. Let k be a field of char = 0 (in particular |k| = ∞). Let V be a
finite-dimensional k-vector space and d ∈ N. Then V ⊗d is a representation of Sd×GL(V )
and we have a decomposition of representations of Sd ×GL(V )

V ⊗d ∼=
⊕
λ∈Λ

SλL(λ)

where Sλ are the pariwise non-isomorphic representations of Sd and the L(λ) are the
pariwise non-isomorphic representations of GL(V ) for some labelling set Λ. If dim V ≥ d
then {Sλ | λ ∈ Λ} = Irr(Sd).

Proof. The Double centralizer theorem and the Schur-Weyl duality imply
all statements except of the last one by applying Lemma VI.8 to kSd ! 〈Sd〉 and
kGL(V )! 〈GL(V )〉.
For the last statement assume dimk V ≥ d. Then we can pick a basis e1, . . . , en of V

(n ≥ d). Then

β : kSd ! Endk
(
V ⊗d

)
g 7!

(
v1 ⊗ . . . vd 7! vg−1(1) ⊗ . . .⊗ vg−1(d)

)
is injective since the action of∑g∈Sd agg ∈ kSd on e1⊗. . .⊗ed is given by∑g∈Sd ageg−1(1)⊗
. . . eg−1(d) and the summands are linearly independent. Thus kSd ⊆ Endk(V ⊗d) is a
subalgebra. Hence the assumptions of the Double centralizer theorem hold for
A = kSd and we get {Sλ | λ ∈ Λ} = Irr(Sd) (Specht modules).

Lemma VI.8. Let γ : A! B be a surjective algebra homomorphisms over a field k. If
M is an irreducible B-module then it is also an irreducible A-module by pulling back the
action via γ.

Proof. If M has no proper B-submodule then it has also no proper A-submodule because
γ is surjective.

Problem. We want to describe the labelling set of irreducible representations of Sd
(up to isomorphism)

Definition. Let k be a field and A a k-algebra.

• [A,A] := 〈{ab− ba | a, b ∈ A}〉 ⊆ A.

• If V is a finite-dimensional A-module then its character χV is defined as

χV : A ! k

a 7! Tr(πa)

where πa : V ! V, v 7! av.
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VI. The double centralizer theorem

Theorem VI.9. Let k be an algebraically closed field and A a k-algebra.

1) If Vi (i ∈ I) are pairwise non-isomorphic finite-dimensional irreducible A-modules
then χVi : A! k (i ∈ I) define linearly independent elements in (A/[A,A])∗.

2) If A is a finite-dimensional semisimple algebra then the characters χV for V ∈ Irr(A)
form a basis of (A/[A,A])∗.

A special case is

Theorem VI.10. Let k be an algebraically closed field with char k = 0 and G a finite
group.

• |Irr(kG)| is the number of conjugacy classes of G.

• |Irr(kG)| = dim Z(kG).

Consider the special special case G = Sd. Then g, h ∈ Sd are in the same conjugacy
class iff g and h have the same cycle type. Hence

{cycle types of Sd} 1:1
 −−! {partitions of d} 1:1

 −−! Irr(Sd).

Proof of Theorem VI.9.

1) If V is a finite-dimensional irreducible A-module then χV (ab − ba) = Tr(πaπb −
πbπa) = 0. Therefore χV factors through [A,A] and χV induces an element in
(A/[A,A])∗.
Let ∑i∈J λViχVi = 0 with J ⊆ I finite. By Proposition V.21

A !
∑
i∈J

Endk(Vi)

a 7! ((vi)i∈J 7! (avi)i∈J)

is surjective. In particular the identity 1j ∈ Endk(Vj) has a preimage aj ∈ A for all
j ∈ J . Hence

0 =
∑
i∈J

λViχVi(aj) = λVj dim Vj︸ ︷︷ ︸
6=0

and thereore λVj = 0 for all j ∈ J .

2) Left to the reader.

[December 3, 2018]
[December 6, 2018]
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Algebraic groups
Motivation. If G is a finite group then G is a subgroup of some permutation group
Sn (e.g. n = |G|). We want to generalize this by replacing Sn with GLn(R) and finite
groups by compact subgroups of GLn(R) ⊆ Rn2 .

VII. Linear algebraic groups and affine algebraic
groups

Fact. Let K ⊆ GLn(R) be a compact subgroup. Then there exist f1, . . . , fs ∈
k[X11, . . . , Xnn] such that K = {A ∈ GLn(R) | ∀1 ≤ i ≤ s : fi(A) = 0}.
For example On(R) = {A ∈ GLn(R) | ATA = 1 = AAT}.
Warning: The converse is not true, e.g.

SL2(R) = {A ∈ GL2(R) | detA = 1} =
{(

a b
c c

)
∈ GL2(R)

∣∣∣∣∣ ad− bc− 1 = 0
}
.

Convention. From now on, let k be an algebraically closed field.

Definition. A linear algebraic group G (over k) is a subgroup of GLn(k) which is the
common zero set of a set M of polynomials in k[X11, . . . , Xnn], i.e.

G = {A ∈ GLn(k) | ∀f ∈M : f(A) = 0}.

Examples.

1) GLn(k) is the zero set of the zero polynomial.

2) SLn(k) = {A ∈ GLn(k) | det(A)− 1 = 0}.

3) Finite subgroups of GLn(k).

4) Diagonal matrices in GLn(k), as we can write them as {A ∈ GLn(k) | ∀1 ≤ i 6=
j ≤ n : Pij(A) = 0} with Pij(X11, . . . , Xnn) = Xij.

5) Uper triangular matrices in GLn(k). More generally standard parabolic subgroups.

6) The orthogonal group On(k) = {A ∈ GLn(k) | AT = 1n = AAT}.

7) Symplectic groups

Sp2n = {A ∈ GL2n(k) | ATJA = J} with J =
(

0 En
−En 0

)
.
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VII. Linear algebraic groups and affine algebraic groups

8) Intersections of linear algebraic groups are again linear algebraic.

We now want for instance that GL1(k) = k× is isomorphic to{(
a 0
0 1

) ∣∣∣∣∣ a ∈ k×
}
⊆ GL2(k).

Definition. An affine algebraic group (over k) is an affine algebraic variety (G, k[G])
(over k) together with a group structure such that

µ : G×G! G inv : G! G

(g, h) 7! gh g 7! g−1

are morphisms of affine algebraic varieties.

Definition. An affine algebraic variety (over k) is a pair (X, k[X]) where

• X is a set and

• k[X], the algebra of regular functions, is a finitely generated subalgebra of Maps(X, k)
such that

Φ: X ! HomAlg(k[X], k)
x 7! evx

is bijective. Here, “subalgebra” means a subalgebra with 1, elements in HomAlg(k[X], k)
send 1 to 1, and evx is the evaluation at x.

Examples.

1) Consider X = kn and k[X] := k[X1, . . . , Xn] identified with the subalgebra
Pk(kn) ⊆ Maps(kn, k). We want to show that (X, k[X]) is an affine variety,
the affine space of dimension n.

Proof. Obviously k[X] is finitely generated. The map

Φ: X ! HomAlg(k[X1, . . . , Xn], k)
y 7! evy

is a bijection by Hilbert’s Nullstellensatz as we have

{points in X = kn} {maximal ideals in k[X1, . . . , Xn]}

{
algebra homomorphisms

k[X1,...,Xn]!k

} {
kernels of algebra homomorphisms

k[X1,...,Xn]!k

}1 : 1β

1 : 1

1 : 1k=k

1 : 1

with β given by y 7! evy.
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VII. Linear algebraic groups and affine algebraic groups

2) X = pt and k[X] = Maps(X, k) = Maps(pt, k) = k. Obviously k is a finitely
generated subalgebra of k = Maps(pt, k) and Φ: pt ! HomAlg(k[X], k) is a
bijection.

3) X a finite set and k[X] = Maps(X, k). Then (X, k[X]) is an affine algebraic variety.

4) Let (X, k[X]) be an affine algebraic variety. Consider a subset M ⊆ k[X] and
define the vanishing set of M by

V(M) := {x ∈ X | ∀f ∈M : f(x) = 0}

and set k[V(M)] = k[X]|V(M). We want to show that (V(M), k[V(M)]) is an affine
algebraic variety.
Proof. We have a restriction map res : k[X] ! k[V(M)] which is obviously an
surjective algebra homomorphism by definition. By assumption k[X] is finitely
generated, and thus its quotient k[V(M)] is a finitely generated subalgebra.
It is left to show that

Φ̃ : V(M) ! HomAlg(k[V(M)], k)
x 7! evx

is bijective.
If f : k[V(M)]! k is an algebra homomorphism then

k[X] k[V(M)]

k

res

f̃

f

defines an algebra homomorphism f̃ = f ◦ res. In particular we have f̃ = evx for
some x ∈ X because (X, k[X]) is an affine algebraic variety.
For injectivity let x, y ∈ V(M) with evx = evy : k[V(M)]! k. Then ẽvx = ẽvy. But
ẽvx must be evx : k[X]! k, and the same holds for ẽvy. Thus evx = evy : k[X]! k,
and as Φ is bijective, we get x = y.
For surjectivity let h ∈ HomAlg(k[V(M)], k). Define h̃ := h ◦ res, and we have
h̃ = evx for some x ∈ X.
x ∈ V(M): For f ∈ k[V(M)] pick f ′ ∈ k[X] such that f ′|V(M) = f . Then evx(f) =

f(x) and h(f) = h(res(f)) = h̃(f) = evx(f) = f(x) for all f ∈ k[V(M)]. Thus
evx = h.

x /∈ V(M): Then there exists an f ∈ M ⊆ k[X] with g(x) 6= 0 but g|V(M) = 0.
Now consider

k[X] k[V(M)]

k

res

evx
h
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VII. Linear algebraic groups and affine algebraic groups

and we get g 7! res(g) = 0 7! h(0) = 0 and g 7! evx(g) = g(x) 6= 0 which is a
contradiction.

Thus any h ∈ HomAlg(k[X], k) has a preimage.

5) Let (X, k[X]) be an affine algebraic variety and f ∈ k[X]. Define Xf := {x ∈
X | f(x) 6= 0} and k[Xf ] := k[X]|Xf [f−1] (localisation at f). Then (Xf , k[Xf ]) is
an affine algebraic variety.

As a consequence every linear algebraic group is an affine algebraic group.

Proposition VII.1. Given a linear algebraic group X = G (over k) we can find some
k[X] such that (X, k[X]) is an affine algebraic variety.

Proof. Consider Y = kn
2 = Mn×n(k). Now (Y, k[Y ]) with k[Y ] = k[X11, . . . , Xnn] and

GLn(k) ⊆ Y with k[GLn(k)] = k[Xdet] are affine algebraic varieties. Thus (V(M) =
G, k[V(M)] = k[G]) is an affine algebraic variety.

Definition. Let (X, k[X]) and (Y, k[Y ]) be affine algebraic varieties. A morphism (of
affine algebraic varieties) from (X, k[X]) to (Y, k[Y ]) is a map f : X ! Y such that
f ∗ : k[Y ]! k[X] where

f ∗ : k[Y ] ⊆ Maps(Y, k) ! Maps(X, k)
h 7! h ◦ f.

If im f ∗ ⊆ k[X] we also write f \. Hence a morphism is a pair (f, f \).

Warning. Consider k = Fp and the Frobenius map Fr: k ! k. Then Fr is a morphism
(k, k[k]) which is bijective, but not an isomorphism.

[December 6, 2018]
[December 10, 2018]

Lemma VII.2. There is a bijection{ morphisms of affine
algebraic varieties

f : (X,k[X])!(Y,k[Y ])

}
1:1
 −−!

{
algebra homomorphisms

k[Y ]!k[X]

}
(f, f \) 7! f ∗ = f \

(ϕg : X ! Y, ϕ∗g)  [ g

where ϕg(x) ∈ Y for x ∈ X such that

k[Y ] k[X]

k

evϕg(x)

g

evx

commutes. The bijection is compatible with composition and the identities are mapped to
each other.
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VII. Linear algebraic groups and affine algebraic groups

Notation. We denote

HomVar(X, Y ) =
{
f : (X, k[X])! (Y, k[Y ])

∣∣∣ f is a morphism of
affine algebraic varieties

}
.

Remark. Behind Lemma VII.2 is an equivalence of categories{
affine algebraic varieties
over k with morphisms

} 1:1
 −−!

{
finitely generated k-algebras
without nilpotent elements

}
(X, k[X]) 7! k[X]

(f, f \) 7! f ∗ = f \

identifying HomVar(X, Y ) with HomAlg(k[Y ], k[X]).

Proof of Lemma VII.2. We show that the maps are inverse to each other.

(f, f \) 7! f \ 7! ϕf\ : Let h ∈ k[Y ] and x ∈ X. Then we have

evϕ\(x)(h) = evx ◦f \(h) = evx ◦f ∗(h) = evx(h ◦ f) = (h ◦ f)(x) = evf(x)(h)

which yields evϕ
f\

(x) = evf(x) and ϕf\(x) = f(x) as (Y, k[Y ]) is an affine algebraic
variety. Thus f \ = f .

g 7! ϕg 7! ϕ∗g: Let h ∈ K[Y ] and x ∈ X. We get

ϕ∗g(h)(x) = (h ◦ ϕg)(x) = evϕg(x)(h) = evx(g(h)) = g(h)(x) = ϕ∗g(h) = g(h)

and therefore ϕ∗g = g (in particular also ϕ∗g : k[Y ] ! k[X], so ϕ∗g = ϕ\g and the
inverse map is well-defined).

The compatibility with composition and identity maps is obvious.

Theorem VII.3. Every affine algebraic variety is isomorphic to some (V(M), k[V(M)])
where M ⊆ k[T1, . . . , Tn].

Proof. Let (X, k[X]) be an affine algebraic variety. Then k[X] is a finitely generated
commutative k-algebra. Let a1, . . . , an be generators. Then there exists a surjective
algebra homomorphism π : k[T1, . . . , Tn] sending Ti to ai. Now define

f : X ! k∗

x 7! (π(T1)(x), . . . , π(Tn)(x)).

We get f ∗ = π (with k[kn] = k[T1, . . . , Tn]) as we have f ∗(Ti)(x) = Ti(f(x)) = π(Ti)(x) =
for all x ∈ X and 1 ≤ i ≤ n and both f ∗ and π are algebra homomorphisms.
Let M = kerπ. Hence im f ⊆ V(M), as we have ϕ(f(x)) = f ∗(ϕ)(x) = π(ϕ)(x) = 0

for ϕ ∈ M = kerπ and x ∈ X. Note that
√

kerπ = kerπ (since pr ∈ kerπ ⇔ π(pr) =
0⇔ (π(p))r = 0⇔ π(p) = 0).
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We have a surjective algebra homomorphism

k[T1, . . . , Tn] ! k[V(M)]
f 7! f |V(M)

with the kernel

I(V(M)) = {f ∈ k[T1, . . . , Tn] | ∀x ∈ V(M) : f(x) = 0} =
√
M =

√
kerπ = M

using Hilbert’s Nullstellensatz. Hence k[V(M)] = k[T1,...,Tn]/M = k[T1,...,Tn/kerπ, and (f, f \)
defines an isomorphism (X, k[X])! (V(M), k[V(M)]) using Lemma VII.2.

Consequence. Let (X, k[X]) be an affine algebraic variety. Via this identification X
is a topological space with the Zariski topology. One can show that this is independent
(up to isomorphism of topological spaces) from the chosen realisation.

Lemma VII.4. Every morphism of affine algebraic varieties is continuous.

Proof. Let f : (X, k[X])! (Y, k[Y ]) be a morphism. We have to show that the preimages
of closed subset are closed. Let Z ⊆ Y be closed. Then Z = V(N) ∩ Y for some subset
of polynomials N . Now

f−1(Z) = {x ∈ X | f(x) ∈ V(N)} = {x ∈ X | ∀ϕ ∈ N : ϕ(f(x)) = 0}
= {x ∈ X | ∀ϕ ∈ N : f ∗(ϕ)(x) = 0} = {x ∈ X | x ∈ V(f ∗(N))}.

Using f ∗ = f \ we get f ∗(N) ⊆ k[X] = k[T1, . . . , Tn]|V(M) and thus f−1(Z) = V(f ∗(N))∩
X is closed.

VIII. Products and Hopf algebras
Goal. We are interested in relations between linear algebraic groups and affine algebraic
groups as affine algebraic varieties.

Definition. Let (Xi, k[Xi]) for i ∈ I = {1, 2} be affine algebraic varieties. Then let

(X1 ∪̇ x2, k[X1 ∪̇ x2]) with k[X1 ∪̇X2] := {f : X1 ∪̇X2 ! k | ∀i ∈ I : f |Xi ∈ k[Xi]}

be the coproduct of (X1, k[X1]) and (X2, k[X2]) and

(X1 ×X2, k[X1 ×X2]) with k[X1 ×X2] :=
〈⋃
i∈I

im
(
p∗i |k[Xi]

)〉
⊆ Maps(X1 ×X2, k)

the product where pi : X1 ×X2 ! Xi are the canonical projections.

Proposition VIII.1. Let (Xi, k[Xi]) for i ∈ I = {1, 2} be affine algebraic varieties.
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0) The (co)product is an affine algebraic variety and satisfies the following universal
properties for any affine algebraic variety (Z, k[Z]).

1) If fi ∈ HomVar(Xi, Z) then there exists a unique h ∈ HomVar(X1 ∪̇X2, Z) such that

X1 X1 ∪̇X2 X2

Z

incl1

f1
∃!h

incl2

f2

commutes.

2) If fi ∈ HomVar(Z,Xi) then there exists a unique h ∈ HomVar(Z,X1×X2) such that

X1 X1 ×X2 X2

Z

p1 p2

f1 f2
∃!h

commutes.

Proof.

0) Let 1Xi ∈ Maps(X1 ∪̇X2, k) be defined by

1Xi(w) =
{

1 if w ∈ Xi,
0 otherwise.

1Xi |Xi is the unit in k[Xi], and 1Xi |Xj (i 6= j) is the zero map in k[Xj], and we
have 1Xi ∈ k[X1 ∪̇X2]. Now 1X1 + 1X2 = 1 ∈ k[X1 ∪̇X2], where 1 is the unit in
Maps(X1 ∪̇X2, k).
For h ∈ k[X1] define h̃ ∈ Maps(X1 ∪̇X2, k) by h̃|X2 = h

1)

2) Left to the reader.

TO BE CONTINUED

[December 10, 2018]
[December 13, 2018]

TO BE INSERTED

[December 13, 2018]
[December 17, 2018]

TO BE INSERTED

[December 17, 2018]
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[December 20, 2018]
TO BE INSERTED

[December 20, 2018]
[January 11, 2019]

IX. Linearization of algebraic groups
Definition. Let (G, k[G]) be an affine algebraic group and (X, k[X]) be an affine algebraic
variety. An action of (G, k[G]) on (X, k[X]) is a morphism

α : G×X ! X

(g, x) 7! g.x.

(we say that G acts on X as affine algebraic varieties) such that e.x = x and (g.h).x =
g.(h.x) for all x ∈ X. We then write G �α X or G � X and call the action algebraic (in
contrast to an ordinary action of a group on a set).

Remark. One can define orbits, fixed points, transitive actions, . . . as usual.

Definition. Let G � X and Y, Z ⊆ X. Then we define

• TransG(Y, Z) := {g ∈ G | ∀y ∈ Y : g.y ∈ Y }, the transporter from Y to Z, and

• CG(Y ) := ⋂
y∈Y Gy where Gy := {g ∈ G | g.y = y}, the stabilizer of Y respectively

y ∈ Y .

Lemma IX.1. Let (X, k[X]), (X ′, k[X ′]), (Y, k[Y ]), (Y ′, k[Y ′]) be affine algebraic vari-
eties.

1) For any y ∈ Y the maps X ! X × Y, x 7! (x, y) and X ! Y ×X, x 7! (y, x) are
morphisms.

2) If ϕ1 : X ! X ′ and ϕ2 : Y ! Y ′ are morphisms, then

ϕ1 × ϕ2 : X × Y ! X ′ × Y ′,
(x, y) 7! (ϕ1(x), ϕ2(y))

is a morphism.

Proof. Left to the reader.

Proposition IX.2. Let G �α X and Y, Z ⊆ X subsets with Z closed.

1) TransG(Y, Z) ⊆ G is closed.

73



IX. Linearization of algebraic groups

2) CG(Y ) ⊆ G and Gy ⊆ G is closed for any y ∈ Y .

3) XG ⊆ Y is closed.

Proof.

1) Let y ∈ Y . The orbit map for y

αy : G ! Y

g 7! g.y

is a morphism, because αy = α ◦ (g 7! (g, y)) and the composition of morphisms
is again a morphism. On the other hand Z is closed, so α−1

y (Z) is closed, as
morphisms are continuous. We have α−1

y (Z) = {g ∈ G | g.y ∈ Z} and now
TransG(Y, Z) = ⋂

y∈Y α
−1
y (Z) is closed.

2) Gy = TransG({y}, {y}) is closed since ponts are closed in X. Therefore Cg(Y ) =⋂
y∈Y (Gy) is also closed.

3) Let g ∈ G and

ϕ : X ! X ×X
x 7! (x, g.x),

which is a morphism. We get Xg = {x ∈ X | g.x = x} = ϕ−1({(x, x) | x ∈ X}).
Now the “diagonal” {(x, x) | x ∈ X} is closed (since it is a zero set) and ϕ is
continuous, so Xg is closed. Hence XG = ⋂

g∈GX
g is also closed.

Corollary IX.3. Let (G, k[G]) be an affine algebraic group, H ⊆ G a closed subgroup
and x ∈ G. The normalizer NG(H) = {g ∈ G | gHg−1 ⊆ H} of H and the centralizer
CG(x) = {g ∈ G | gxg−1 = x} of x are closed.

Proof. Consider conjugation as the group action on G. Then CG(x) = Gx and NG(H) =
TransG(H,H) are closed by Proposition IX.2.

Warning. Orbits are in general not closed.
For example, consider G = Gm = GL(C) � C by multiplication. The orbit of 0 is {0}

(closed), but the orbit of 1 is C \ {0} which is not closed, since closed subsets in C are
finite).

Assume G �α X for g ∈ G consider

βg : X ! X

x 7! g−1.x

(a morphism since βg = x 7! (g, x) 7! (g−1, x) 7! g−1.x). Hence we get a comorphism

β∗g : k[X] ! k[X]
f 7! f ◦ βg.

74



IX. Linearization of algebraic groups

Note β∗g(f)(x) = f(g−1x) for all x ∈ X. Moreover β∗gh = β∗g ◦ β∗h(f) for all g, h ∈ G.
If (X, k[X]) = (G, k[G]) is an affine algebraic group, then we can also consider

γg : G ! G

x 7! xg

and get a comorphism

γ∗g : k[G] ! k[G]
f 7! f ◦ γg.

Note γ∗g(f)(x) = f(xg) for all g, x ∈ G. Moreover γ∗gh = γ∗g ◦ γ∗h.

Definition. For any affine algebraic group (G, k[G]) we obtain representations of the
(ordinary) group G on k[G]

λ : G ! GL(k[G])
g 7! λg := β∗g

called left translation of functions and

ρ : G ! GL(k[G])
g 7! ρg := γ∗g .

IX.1. Characterisation of elements in closed subgroups
Lemma IX.4. Let (G, k[G]) be an affine algebraic group, H ⊆ G a closed subgroup and
I = I(H). Then H = {g ∈ G | ρy(I) ⊆ I}.

Proof.

“⊆” Let g ∈ H and f ∈ I. Then ρg(f)(h) = f(hg) = 0 for all h ∈ H, so ρg(f) ∈ I.

“⊆” Let ρg(I) ⊆ I. Then for all f ∈ I we have 0 = ρg(f)(e) = f(eg) = f(g), so f(g) = 0
for all f ∈ I. This implies g ∈ H.

MISSING PROOFS, TO BE INSERTED

Proposition IX.5. Let G �α X and F ⊆ k[X] a finite-dimensional subspace.

1) There exists a finite-dimensional subspace E ⊆ k[X] such that F ⊆ E and E is
stable under all left translations of functions (i.e. λg(E) ⊆ E for all g ∈ G).

2) F is stable under all left translations if and only if α∗(F ) ⊆ k[G]⊗k[X] ∼= k[G×X].
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Corollary IX.6. Let (G, k[G]) be an affine algebraic group. Then every subspace F ⊆
k[G] is contained in a finite-dimensional subspace E ⊆ k[G] which is stable under both
left and right translations.

We know that linear algebraic groups are affine algebraic groups.

Theorem IX.7. Let (G, k[G]) be an affine algebraic group. Then it is isomorphic to a
linear algebraic group.

[January 11, 2019]
[January 14, 2019]

X. Affine algebraic varieties/groups as topological
spaces

Let X be an affine algebraic variety. We want to study X as a topological space with
the Zariski topology.

X.1. Generalities
Definition. A topological space X is called

• noetherian if open sets satisfy the ascending chain condition: For any chain of open
sets U1 ⊆ U2 ⊆ . . . there exists an i0 ∈ N such that Ui = Ui0 for all i ≥ i0.

• irreducible if X = X1∪X2 for some disjoint and closed X1, X2 ⊆ X implies X1 = X
or X2 = X.

Remark. Let X be a topological space.

1) If X is irreducible, X is connected.

2) The following are equivalent:
a) X is irreducible.
b) Any nonempty open subset of X is dense.
c) If U1, U2 ⊆ X are open and non-empty then U1 ∩ U2 6= ∅.

Lemma X.1. Let (X, k[X]) be an affine algebraic variety. Then X is noetherian.

Notation. Let X be a topological space and U ⊆ X. We write U ⊂o ⊂ X if U is open
in X, and U ⊂c X if U is closed in X.

Lemma X.2. Let X and X ′ be topological spaces.

1) If Y ⊆ X is irreducible, Y is irreducible.
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X. Affine algebraic varieties/groups as topological spaces

2) Let ϕ : X ! X ′ be continuous. If X is irreducible, ϕ(X) is irreducible.

3) If X and X ′ are irreducible, X ×X ′ is irreducible.

Proposition X.3. Let X be a noetherian topological space.

1) There exists an r ∈ N and irreducible Xi⊂c X (1 ≤ i ≤ r) such that

X = X1 ∪ · · · ∪Xr. (*)

2) If one assumes moreover that Xi * Xj for i 6= j then the decomposition (*) is
unique up to permutation. In this case the Xi are called the irreducible components
of X and are maximal irreducible subsets (with respect to inclusion).

X.2. Identity component
Lemma X.4. Let (G, k[G]) be an affine algebraic group. Then there exists exactly one
irreducible component G0 containing e ∈ G. It is called the identity component.

Definition. An affine algebraic group (G, k[G]) is connected if G0 = G.

Proposition X.5. Let (G, k[G]) be an affine algebraic group.

1) G0 ⊆ G is a closed and maximal subgroup.

2) (G : G0) <∞.

3) The gG0 (g ∈ G) are the connected and irreducible components.

4) Each closed subgroup H < G with finite index contains G0.

Lemma X.6. Let (G, k[G]) be an affine algebraic group. Let U, V ⊆ G be open and
dense. Then G = U · V .

Definition. Let X be a topological space and Y ⊆ X a subset. It is called locally closed
if Y = U ∩ Z for some U ⊂o X and Z ⊂c X. Finite unions of locally closed subsets in X
are called constructible.

Remark. One can show that {constructible subsets in X} contains all open and closed
sets, and it is closed under taking finite unions and complements (in fact it is minimal
with these properties).

Proposition X.7. Let X be a topological space.

1) A constructible set Y ⊆ X contains a subset which is closed and open in Y .

2) (Chevalley) Images of constructible sets (under morphisms of affine algebraic
varieties) are constructible.
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Proposition X.8. Let (G, k[G]) be an affine algebraic group and H ⊆ G a subgroup.

1) H ⊆ G is a subgroup.

2) If H is constructible then H = H.

Proposition X.9. Let ϕ : G! G′ be a morphism of affine algebraic groups.

1) kerϕ ⊆ G is a closed subgroup.

2) imϕ ⊆ G′ is a closed subgroup.

3) ϕ(G0) = imϕ.

XI. More on products
We know that if (X, k[X]) and (Y, k[Y ]) are affine algebraic varieties then (X × Y, k[X × Y ])
(with k[X × Y ] ∼= k[X]⊗ k[Y ]) is an affine algebraic variety.

Warning. The Zariski topology on X⊗Y is not (in general) the product of the Zariski
topology.

For example consider the product A1 × A1. In the product topology the open sets are
unions of U1 × U2’s where U1 and U2 are open in A1 in the Zariski topology. The closed
sets are ∅, Z1 × k, k × Z2, finite sets and k × k (where Z1, Z2 are closed in the Zariski
topology, so finite). But in the Zariski topology of A1 ×A1 things like curves or I(x− y)
are closed.

[January 14, 2019]
[January 18, 2019]

TO BE INSERTED

[January 18, 2019]
[January 21, 2019]

TO BE INSERTED
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